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Electromagnetic Induction in a Conductor Bounded by an lnclined Interface 

T. Yukutake* 

Abstract-Electromagnetic induction is studied for a two-dimensional earth model where a top conducting 
layer is underlain by a different tilted conductor. The problem is solved for a small angle of tilt by a 
successive approximation method, following repeated reflections of electromagnetic energy between the 
ground surface and the tilted boundary. · 

Two types of field are formulated within a conductor. One is characterized by having a vertical 
component of the magnetic field and the other by having no vertical component of the magnetic field. 
Both types of field are generated when either type of field arrives at the tilted boundary. It appears that 
the latter type field plays an important role in producing an anisotropie variation in the electromagnetic 
field. 

Solutions are computed numerically on an electronic computer. Severa! examples of anisotropie 
behaviour of the electromagnetic field are shown. 

Résumé-L'auteur étudie l'induction électromagnétique sur un modèle de Terre à deux dimensions, où une 
couche conductrice supérieure repose sur un conducteur incliné différent. Pour une faible inclinaison, le 
problème est résolu à l'aide d'une méthode par approximations successives, consécutive à un réfléchisse­
ment répété d'énergie électromagnétique entre la surface du sol et la limite inclinée. 

Deux genres de champs sont induits dans un conducteur. L'un deux est caractérisé par une compo­
sante verticale du champ magnétique, tandis que l'autre n'en possède pas. Les deux genres de champs sont 
produits lorsque l'un d'eux atteint le plan incliné. Il semble que le dernier joue un rôle important dans la 
production d'une variation anisotropique du champ électromagnétique. 

Les solutions sont calculées numériquement à l'aide d'un ordinateur électronique. L'auteur donne 
plusieurs exemples du comportement anisotropique du champ électromagnétique. 

*Now at the Earthquake Research Institute, University of Tokyo , Tokyo, Japan. 
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1. Introduction 

Theoretical work in magnetic induction and magnetotellurics has usually been based on horizontally stratified 
homogeneous structures (Cagniard 1953, Price 1962, Wait 1962). However, a number of observations by various inves­
tigators have revealed that the natural electromagnetic fluctuations are, at many places, much more complicated than 
may be expected from these theoretical results. 

It has been frequently observed that the magnetic variation vectors have a tendency to confine themselves more 
or less on a plane which is a property of the observation point. (Parkinson 1959, 1962, 1964; Maeda et al., 1964; 
Horton 1965; Schmucker 1964; Lambert and Caner 1965). It is also reported at various stations that the vertical compo­
nent of the magnetic field varies in phase with a particular component of the horizontal magnetic field irrespecti ve of 
the orientation of the externally applied field. (Rikitake, 1959, 1964, 1966; Whitham and Andersen, 1962; Kertz, 1964; 
Schmucker, 1964; Simeon and Sposito, 1964). An anisotropie property of the telluric field variation has been observed 
at several places (Niblett and Sayn-Wittgenstein 1960; Srivastava et al., 1963). In extreme cases, the telluric field 
variations show a strong tendency to become linearly polarized while the magnetic variations are more or less unaf­
fected (Yoshimatsu 1957; Yokoyama 1961, 1962; Rikitake and Sawada 1962; Whitham and Andersen 1965; Rikitake 
and Sawada 1962; Whitham and Andersen 1965; Rikitake 1966). 

These unusual characteristics of the magnetic field and the anisotropie character of the telluric variation, 
especially the strong polarization of the telluric field, appear impossible to understand on the assumption of horizon­
tally stratified homogeneous earth models. 

Anomalous variations in the magnetic field generally are explained by inhomogeneities in the electrical conduct­
ivity within the earth and may be produced, for example, by electric currents concentrated in highly conductive regions 
embodied in a poorly conductive earth (Rikitake 1966; Whitham and Andersen 1962; Law et al., 1963; Kertz 1964; 
Schmucker 1964) or the edge effect between the ocean and the land (Parkinson, 1962, 1964; Weaver 1963; Schmucker 
1964). On the other hand, anisotropie variations of the telluric field usually are discussed in terms of possible 
anisotropy of electrical conductivity (Rikitake and Sawada 1962; Yokoyama 1961, 1962; Whitham and Andersen 1965), 
whereas only a few studies have been made of the inhomogeneous distribution of different conductors. 

D'Erceville and Kunetz (1962) discussed the effect of a fault on the natural electromagnetic field in the case 
where the fault is the boundary between two different conductors. Although their study was limited to a particular 
type of field specified by the electric vector having only a component normal to the fault, they concluded that the 
electric field on the more conductive slide diminishes rapidly on approaching the fault. Mann (1964) studied the magne­
totelluric problem, using the perturbation method, when the conductor was bounded by a sinusoïdal surface under the 
ground, and obtained an anisotropie property of the electromagnetic field. Unfortunately, however, the se theories are 
not sufficiently comprehensive to be applicable to anisotropie phenomena characterized by periods of a few minutes 
to several hours because particular types of plane waves were assumed as the extemal field, whereas the variations 
actually observed at such moderate periods are composed of a more complicated field than that expressed by simple 
plane waves. 

In this paper, electromagnetic induction at the surface of an inclined conductor is discussed when the external 
field has a wave length of finite extent. Discussion is limited to problems where the angle of tilt of the boundary is 
small and the effect of the intersection point of the ground surface with the inclined discontinuity is ignored. 

ln section 2, two types of electromagnetic field in the conductor are formulated. In section 3, the induction 
problem for horizontal structures is briefly discussed when the two different types of electromagnetic field are taken 
into considerration. The same procedures discussed in section 3 are extended to the problem of tilted boundary in 
section 4. Results of numerical calculations for tilted boundary problems are shown in section 5. 
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2. Two Types of Electromagnetic Field within a Conductor. 

When the time factor is assumed to be e ilût, Maxwell's equations can be written in electromagnetic unit~ as 
follows, 

curlH=~E 
iwµ 

curl E = -iwµH 

div H = 0 

Cl 
div E = 41rpT 

(2 .1 ) 

where H is the magnetic field vector, E the electric field, µ the magnetic permeability, f the dielectric constant, p the 
charge density, c the velocity of light, a the electrical conductivity and 

k 2 = 41raµwi + fµ w 2 

Cl 

(2.2) 

It may be assumed that the density of free charge in the conductor is always zero, because the relaxation time of 
charge is extremely short in the interior. Then we have 

div E = 0 

Under this condition, Maxwell's equations can be reduced to the following form, 

0 

0 

The equation (2.4) has two different types of solutions (Price 1950; Bullard 1949), namely, 

at/J 
ay 

HT at/J 
-ax 

0 

and 

a2t/J 
axaz 

Ils 
1 alt/J 

ik ayaz 
alt/J a2t/J 

- ax 2 - ay2 

where t/J is the function which should satisfy the following equation. 

(2.3) 

( 2.4) 

(2.5) 

(2.6) 

(2.7) 
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Similarly , we have the following types of solutions for the electric field, corresponding to the magnetic field HT and 
H s respecti vely, 

a2t/J 
axaz 

Es iwµ a2t/J 
k2 ayaz 

a2t/J a2t/J 
ax 2 - ay2 

éJtjJ 
ay 

ET 
wµ atf; 

k -ax 

0 

Henceforth we shall call (Hs, ET) the first type field and (HT, Es) the second type field. 

3. Electromagnetic Induction for Two Horizontally Stratified Loyers. 

3-1. Formulation of the electromagnetic field at the ground surface. 

(2.8 ) 

(2.9) 

The induction problem of the second type field was discussed by Price (1950) with respect to a semi-infinite 
plane conductor. In his study he ignored the displacement current in the atmosphere. It followed that the magnetic 
field of the second type always became zero outside the earth. Then he concluded that the second type field inside the 
conductor corresponds to the free decay of certain distributions of electric current, which cannot be affected by any 
external (first type) field. 

In this section, retaining the displacement current in a parameter k 11 we shall briefly discuss electromagnetic 
induction for an earth model of horizontal structure, including the second type field. 

I Atmo spllere 

Il D 

m 

z 
FIGURE 1. Model of horizontal structure. 
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Let us take the earth mode! as is shown in Figure 1. Then the first type field can be expressed from (2.7) and 
(2. 9) as follows, 

uii 
s 

1 

ik; 

1 

ik; 

-ip y v 2+k'2• 
J 

-iq y v 2+k 2 

j 

ip yv 2+k 2_ 

J 

iq yv2+k2_ 
J 

HJ 
v2 = p2 + q2 

e ipx+ iqy -yv2+k2 z 
e ; (3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Where suffix j indicates the quantity in the j-th layer. "'e represents the first type magnetic field of external origin 
in the j-th layer, "' i the first type magnetic field of interna! origin. Similarly E~e and EÏ./ are the first type electric 
field of external and interna! origin respectively. The explicit forms of the second type field are derivable from (2.6) 
and (2.8) as follows, 

uie 
T 

-ip~ 
J 

iwµ -iq V v2+k 2_ 
k/ , 

iwµ 
k2 

j 

v2 

ip yv2+k2_ 
J 

iq yv 2+k 2_ 

J 

eipx+iqy eYV 2+k 2
_ Z 

J 

(3.7) 

(3.8) 

(3.9) 

(3 .10) 

The electromagnetic field within each layer is composed of the above different types of the field. ln the region 
(1), the magnetic field and the electric field can be expressed in the following forms. 

for (1) l (3.11) 
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where A 1 s, A 1 T, B 1 s and B 1 T are constants to be determined from boundary conditions. Similarly we have, 

2e 2i 2e 2 i 

l H A2sHs + B2sHs + A2THT + B2THT 
for (II) 

2e 2i 2e 2i 
E A2sET + B2sET + A2TEs + B2TEs 

(3.12) 

and 

3e le 

l H A3sHs + A3THT 

for (III) 
3e 3e 

E A3sET + AlTEs 

(3.13) 

Since the electrical conductivity of each layer is finite, tangential components of the magnetic field, the normal 
component of the magnetic flux density and the tangential components of the electric field are required to be continuous 
at each boundary. At the surface of the ground, for example, the following equations should be satisfied. 

(3.14) 

= - CùkJ!- [ {A2s (iq) + B 28 (iq) } + ~kiT (-ipyv2+k~) + ~k2T (ipyv 2+k~) ] 
2 l, 2 l, 2 

- Cùkµ. [ { A 1s (-ip) + B 18 (-ip) + ~k1 T (-iqyv2+k ½) + ~k1 T (iqyv2+kÛ ] 
1 l, 1 l, 1 

= - Cùkµ. [ {A2s (-ip) + B 28 (-ip) } + ~k2T (-iqyv2+k~) + ~k
2
T (iqyv2+k~) ] 

2 l, 2 l, 2 

Then the first equation, for example, can be rewritten as follows, 

(3.15) 

p and q are independent of each other, sin ce these quantities are dependent on the configuration of the external 
source field only. Consequently, in place of the above equation, we have the following two equations, each of which 

involves either the first or the second type field respectively. 
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(3.16 ) 

In the same way, it can easily be proved that the first and the second type field should satisfy all the boundary 
conditions separately. 

Solving the boundary conditions, we have the following results for the first type field. 

yv 2+kl ( l+J3) - yv2+k½ ( 1-J3) 
------------- A1s 
yv2+k ~ ( l+J3) + yv2+k½ ( 1-J3) 

k 2 2yv2+kl 
A2s = - ------------- A1s 

k 1 yv2+kl ( l+f3) + yv2+k½ ( 1-/3) 

A3s 

J3 

For the second type field, we have 

k
3 

2y'v2+k1 e -y'v2+k1 n 

k2 (yv2+k½ + yv2+kl) e-yv2+ki n 

yv2+k½ - yv2+k~ -2yv2+k½ D 
=------- e 

yv2+k½ + yv2+ki 

1 1 
- yv2+k 2 ( l+oc) - - yv2+k 2 ( 1-oc) 
kl 

1 
k½ 2 

--------------- A1T 
1 1 

-k2 yv2+kî ( l+oc) + k 2 yv2+k~ ( 1-oc) 
1 2 

2 
- yv2+k2 
kî 1 

--------------- A1T 
1 1 
-yv2+kî ( l+oc) + - yv2+k~ ( 1-oc) 
kî k~ 

B2T = aA 2T 

__! yv2+k2 e-\fv2+k~ D kl 2 

2 A2T 

(_!_ -~ + 2_ -~) e-yv2+ki o k~ V v Tn2 ki V v Tn3 

a 

1 _~ 1 _~ 
- yV 2+n~ - - yV +n3 
ki 

2 
ki e-2yv2+k½ o 

1 1 - P+Kf + - yv2+ki 
k~ 2 kJ 

(3.17) 

(3.18) 
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3-2. Magnetotelluric relationship for the two-layer model. 

a) The first type field as an external field 

When the first type field is applied from outside the earth, the ratio between orthogonal horizontal components of 
the electric and the magnetic field at the ground surface can be written as follows, 

iwµ 1+{3 

yv 2+k~ 1-/3 

iwµ ~ (l+e- 2~ 0 )+~ (l-e- 2~ 0 ) 

yv2+k~ yv2+k~ (l-e-2yv2+k~D)+yv2+k~ (l+e-2yv2+k~D) 

Similarly, the ratio of the vertical component of the horizontal component of the magnetic field is obtained as, 

iv 2 1+{3 

P,Q l yv 2+k½ 1-/3 

iv 2 ~ ( l+e- 2~ 0 )+y'v2+KI (l-e-2v'v2+KI0 ) 

P,Q } yv2+k~ yv2+k½ ( l-e- 2Y112+k~D)+yi12+k~ (l+e-~0) 

(3.19) 

(3.20) 

In the case when k3 is extremely large (k~>> v 2
, k~» kD and yv2 + k~ D << 1, the above equation (3.19) can be 

simplified as follows. 

(3.21) 

The ratio of the electric to the magnetic field becomes independent of the conducti vity of the II and III layer, and is 
simply proportional to the frequency w and the depth to the conductor D. This is exactly the same result obtained by 
Cagniard (1953). 

Under the same conditions, the ratio of the vertical to the horizontal component of the magnetic field can be 
reduced to 

iv 2 

--D 
{p,q} 

(3.22) 

This quantity is subject to a configuration of the source field in terms of v 2 / p or v 2 / q. However, in the case when the 
wave length of the external field has been estimated by independent means, a straightforward estimate of the depth D 
becomes possible by (3.22). 

In the case where a poor conductor is overlain by a moderate conducting layer, namely k3 << 1, and k 2D is also 
small when v<< 1, (3.19) becomes 

1 (3.23) 

The ratio of the electric to the magnetic field becomes independent of frequency in this case, and is inversely propor• 
tional to the top layer conductivity a 2 and the depth D, as has already been pointed out by Cagniard (1953) and Price 
(1962). 
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Under the same conditions, we have from (3.20) 

(H2s)z 

P, q 

which is dependent on the frequency as well as the source field configuration. 
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(3 .24) 

These relations may be useful for a rough estimation of the conductivity (a 2 ) of the top layer when it i s overlying 
a poor conductor. 

b) The second type field as an external field 

Corresponding to (3.19), the ratio of the electric to the magnetic field at the ground surface can be represented 
as follows, 

(E2s)x . yv2+ k~ 1-~ 
---= iwµ -----
(HlT)Y k~ l+~ 

1 1 
yv 2+ k~ k~yv 2+ k~ ( l - e- 2vv

2
+k ~o) + k½yv 2+k½ ( l+e - 2 vv

2
+k~o) = iwµ __________________________ _ 

ln the case where a 3 is large (kl » v 2
, k½ » k~, k~>> v 2 ) and yv 2 + k~ D << 1, we have 

(3.25) 

(3.26) 

On the other hand, when a 3 is small (k½ << 1, v 2 << kD and the conductivity a 2 is moderate so that the relationship 
k2D « 1 holds, then (3.25) becomes 

(3.27) 
(H 2 T)Y 411a 2D 

These are identical with the results (3.21), (3.23) obtained for the first type. 

3-3. Order of magnitude estimate of the two types of the field 

A rough estimate of the magnitude of both types of field is made in this section, for the purpose of examining 
whether or not the second type field actually plays an important role when both types of the field are applied to the 
earth simultaneously. 

The amplitude ratio of the second to the first type magnetic field becomes 

IHT I y = [A2TH~e + B2TH~i ] 
2 e 2 i 

1 H s I y A 2 s H s + B 2 s H s Z= 0 

= R ik1 1+ -x l l±.§ + \l'v:ill ( 1- /3) } A 1 T 

Q y v2+ k~ 1-{3 1+~ yv2+k½ (1+~ Ais 

. P k 1 A1T 
1,----

q v Ai s 

(3.28 ) 

(3.29) 
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It is impossible to know, a priori, the intensity and the distribution of the external field. Therefore the ratio of 
A1 T / A1 s remains undetermined in the above equation. However, if we assume that A1 T and A18 are the same order of 
magnitude, then the ratio of the second to the first type field becomes order of magnitude, k 1/v. vis usually larger 
than 1Q-

9cm-1 (Price 1962), and we may expect that k 1 should be less than 10-11cm-1 for variations with periods 
longer than 1 min. Therefore ki/v is less than 10-

2
• This indicates that the second type field is negligibly small 

compared with the first type field when the source field energy is equally distributed in both types of the field. 

Similarly, the ratio of the second to the first type electric field at z = 0 becomes 

~ ~ (l-oc) ~ { l+/3 + y'v2+k~ (1-/3) } A1T 
p ik 2 (1+{3) k 2 l+oc y'v2+k~ (l+oc) A 18 

. q k 1 ( 1-oc)( 1-/3) AlT 
1, p~ ( l+oc)( 1+/3) A1s 

(3.30) 

(3.31) 

Consequently, unless 1 ~: 1 becomes comparable with k,/v (in usual cases 1 ~;" 1 «l), the second type 

electric field may safely be ignored on condition that the intensity of the source field of both types (A 1 T and A18) 

are of the same order of magnitude. 

3-4. Successive approximation of the induction problem. 

Although the rigorous solutions have already been obtained for electromagnetic induction in horizontally strat­
ified structures, a method of successive approximation is discussed in this section. A similar method will then be 
er.1ployed for the study of a tilted boundary. 

FIGURE 2. Illustration of successive ap­
proximation for a horizontal structure model. 

I 

Il 

m 

AO 0H1e 
1-\1s s BooHa: ,s s 

Aoouae 
2sns 

Suppose the first type field A~s°H~e is applied to the earth as in Figure 2. A part of the energy will be reflected 
back into the atmosphere as B~ s 0H ~i, and the other part of the energy will be transmitted into the II layer (A~s 

0
H~ e) . 

D 
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When A~s 
0n;e field arrives at the other boundary (II-III), energy will be partly reflected (B~s 0 tt1i) and partly transmitted 

(A~s 0n;e). The reflected field B~s 
0
H~i will repeat the same kind of reflection and transmission at the ground surface 

(II-I). Repeating the same procedure, we have a series of reflected field B~s°H~i, Bis iH~i, B½/H~i, ... in the I layer. 
And we can approximate the magnetic field in the atmosphere by the following series. 

H 

} (3.32) 

where Bis (3.33) 

The above series may be expected to converge rapidly if the attenuation of the field due to diffusion is quite rapid 
within the layer II or if the energy which should be stored within the layer II is significantly diminished at every 
reflection at the boundary. 

In the first place, the boundary conditions should be satisfied for the electromagnetic fields specified by 1-11 
boundary, A~s°H~e, B~s°H~i, A~s°H~e, A~s°E~e, B~s 

0
E!j, A~s 

0 E~e. 
Then we have 

0 yv2+k½-yv2+k½ 0 

Bis Ais 
yv2+kf+yv2+k½ 

0 k2 2yv2+kl 0 

A2s Ais 
ki yv2+kl+yv2+k½ 

Secondly, the coefficients A~s and B~s can be calculated with reference to the known quantity A~s· 

0 

A3s 

yv2+k~-yv2+k~ e-yv2+k~o Ao 
2S 

yv2+k~+yv2+k~ 

k 3 2yv2+k~ e-yv2+k~o 0 

------- A2s 
k2 yv2+k~+yv2+k~ 

A similar procedure enables us to calculate the coefficients Bis and A~s• 

yv2+k½-yv2+kl e-yv2+k½o o 
B2s 

y v2+k ½+y v2+ k l 

,ki 2~ e-v'v2+k½o B:s 

k2 yv2+k~+yv2+kl 

(3 .34) 

(3.35) 

(3.36) 
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On the other hand, the coefficient B1 s in (3.34) has already been obtained rigorously in the case of horizontally 
stratified structure in the equation (3.17). It can be rewritten as follows, 

yv2+kî+yv2+k~ t:J. yv2+kl-yv2+k~ 1 + tJ 

yv2+ki-yv 2+k~ 

. ~-yv2+k2 yv2+ki+yv2+k~ 1 - Y v~Tn1· 2 /3 
yv2+kl+yv2+k~ 

\ (3.37) 

\ 
J 

yv2 + k2 - yv2 + k2 
When either {3 or 1 2 is small, the above equation can be written as follows 

yv2+ki + yv2+k~ ' 

Bis _ { yv
2
+ki-yv

2
+k~ 1 (yv

2
+ki-yv

2
+k~)2 } 0 

- {3 1 - -----(/3-t:J.) + ----- + ... Ais 
yv2+khyv2+k~ tJ yv2+k~+yv2+k~ 

[

yv2+k2-yv2+k2 4yv2+k2yv2+k2 v'v2+Ki-vv2+k2 J = 1 2 + 1 2 /3- 1 2 /3 2+ • • • A 
1 
s 

yv2+ki+yv 2+k~ (yv2+ki+yv2+k~)2 yv2+kî+yv2+k~ 

(3.38) 

Comparing the above equation with B~s and Bis in the equations (3.34), (3.36), it can easily be seen that the first 
term corresponds to B~s and the second to Bis• Therefore the equation (3.38) is identical with the expression (3.33). 

1) 

2) 

The requirement for /3 being small is satisfied when: 

e-2vv
2 
+ k~o is small; this means that the field attenuation due to diffusion is large. This occurs when the 

conductivity of the II layer is high enough; 

yv2+k2 - yv2+k2 2 3 is small; this means that only a small portion of the energy is reflected back to the II layer 
yv2+k~ + yv2+k~ 
owing to the small difference in electrical conductivity between the II and III layer. 

-~ -~ 
yv T ni - yv + n 2 becomes small when either (a) k1 and k2 are small compared with v (this condition may usually 
yv2 + kî + yv2 + k~ 

be satisfied when both I and II layers have such poor conductivity as 10-15 emu.), or (b) k 1 and k 2 are similar. 

So long as the above conditions are satisfied, it may be concluded that the induction problem for the first type 
field can be approximated by the successive approximation procedure described in this section. 

4. Electromagnetic Induction at a Tilted Boundary 

Within the second layer II (Figure 3), the second type field H~T has no Z component of the magnetic field in the 
coordinate system of (X, Y, Z). In the tilted coordinates (X', Y', Z '), however, it is expressed by a synthesized field 
of both types, the first type (having Z' component) and the second type field (without Z' component). 
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y 

y' 

z 
FIGURE 3. Earth model with an inclined 
interface. 

Consequently one of the characteristic features of the tilted boundary problem is the splitting of the field into two 
different types that takes place at the boundary. When the first type field is applied from outside the earth, and arrives 
at the tilted boundary, it will then be split into the first and second type fields and will be reflected back to the 
ground surface. At the ground surface it will be split into both types again and reflected downwards. This procedure 
is supposedly repeated in layer II. 

The other characteristic feature is the modification of wave numbers. As will be discussed later, the source 
field can be represented, in general, as a sum of elementary harmonies of the form eipx+iqy+rz, where r=-Vv2 + k~. 

,, ,, ,, J 
Such elementary fields may be transformed into eiP x + iq Y + r z in the tilted coordinates (X', Y', Z ') where p '= p, 
q ' = cos0 + iy'v2 + k~ sin0 and r '=-y'v2 + k~ cos0 - iq sin0. This indicates that an elongation of the wave length in the 
y-direction (by a factor of 1/ cos0) takes place at every reflection and that the field attenuates in the y' -direction. 

In this study, however, the discussion is limited to small angles of tilt which satisfy the condition tan0<<--q--, 
yv2 + k~ 

where attenuation in the y' -direction is small and the electromagnetic fie ld can be approximated by superposition of 
harmonie fonctions only. 

The above procedures are schematically shown in Figure 4, where se and S i designate the first type field of 
external and interna! origin respectively. Te and T i represent the second type field of extemal and internal origin. 
S and T are the fields expressed in the coordinate system (X, Y, Z), while S, T are th ose in (X', Y', Z ') coordinates. 

Other quantities in the figures are defined as follows, 

,2 ,2 
V s = p2 + Qs 

r~ =- J v ~ + k~cos0- iqssin0 

2 2 

V s p2 + Qs 
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Qs 

I 

FIGURE 4. Production of two different types 
of the field and modification of wave numbers Il 
at the boundaries in the case of the first type 
field being applied. S represents the first type 
field and T the second type field. S is the 
first type field expressed in (x ', y: z ') coor­
dinates, whereas S is the field in (x, y, z) 
coordinates. The arrows designate the direction 
of energy flow. m 

4-2. Mathematical expression of the field 

The first and the second type field in the j-th layer can be written in the (X, Y, Z) coordinates as follows, 

Zn{ 1 a2t/J j ZE~ 
uJµ at/1; 

iki axaz -~ ay 

a2t/J j atfJ; 
ayaz - ax 

-a2t/J { a2t/J ~ __ ) ___ ) 0 

ax 2 az 2 (4.2.1) 

Zn~ at/1 j ZE~ 
iuJµ a2t/J ~ 

ay ~ axaz 
J 

_atfJj a2tfJ j 
ax dYdZ 

0 a2t/J~ a2t/Jj 
- '"'_I_J _ --ax 2 ay2 

where t/J; is a fonction that should satisfy the following equation, /:). 2 tjli + k;t/Ji = O. The fields Hs, ET, HT,Es in the 
(X', Y', Z ') coordinates are obtained by differentiating tjJ; with respect to x ', y' and z 'in place of x, y and z in 
(4.2.1). 
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The fonction i./J; satisfying the preceding relation can be obtained as follows, 

,h eipx+iqy e-yv 2+k~z 
'f' 1 e 

where v 2 

·'·''~k' etpx +tqly eYV l+K~Z 
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tjJ ~ and tjJ ~. are the potential fonction of the external and interna! origin in the j-the layer. 
le li 

4-3. The lirst type field as an external field 

In order to solve the electromagnetic induction problem at a tilted boundary, we will employ the successive 
approximation discussed in section 3-4. In this section, the electromagnetic induction when the first type field is 
applied to the tilted boundary model in Figure 3 is discussed in some detail. 

I 

n 

Ao oHae 80 0H1i 
Mis s , s s "/ A

o ~•e 80 oE•i 
IS C. T IS T 

"( 
Ao 0E1e 
Mas T 

FIGURE S. Procedure of successive approxi­
mation (the first stage). 

At the grou~d surface (I-11), boundary conditions should be satisfied for the magnetic fields A~s 
0
H~e, A~s 

0
H~e, 

0 o 1 · o o 1 e o o 2 e 8 0 o 1 i , h · F · 5 Th th · d d · t · B1s Hs1 and the electric fields A1 s ET, A,. 8 ET, 1 s ET as 1s s own m 1gure • en e require con 1 ions are 
reduced to the following two equations, 
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From these, _ we obtain 

FIGURE 6. Procedure of successive approxi­
mation (the second stage), 

y'v 2+k~-yv 2+k~ 
A~s 

k 2 2y'v 2+k~ Ao 
- ------- 1S 

k 1 y'v~+k~+y'v 2+k~ 

- - - -Ao oHae 
l"\as s 

AO oU2e 
HaT nT 

- -Bo 0H2i 
as s 

Il 

m 
Splitting of the first type field at the tilted boundary (II-III) is illustrated in Figure 6. As a matter of course, 

each component of the total field expressed in the tilted coordinates (A~s 
0
u;e + A~TH~e) should be identical with that 

of the incident field (~ 8°u;e). Thus the following relations should be satisfied. 

[A:s·n;e + A:T·u~J =[A:s"u;J,cos0 +[A:s•u;lsin0 

[A:s·n;e + A:T·u~eJ = -[A:s·u;e ,sin0 +[A:s·u;'].cos0 
These are written explicitly as follows, 

In the same way we have the following equations for the electric field, 

A~s :µ (-ip cos0) 'P~e 
2 

Ao iwµ ,2,1,o 
- 2T k2 J.I 'r'2e 

2 

A o wµ (. . O) ,/, o 2s k ip srn 'f'2e 
2 



ELECTROMAGNETIC IN DUCTION ON A CONDUCTOR BOUNDED BY AN INCLINED SURFACE 333 

These give the following relationship between A 0 s A · 0 and A-0 
2 , 2s 2T • 

(-iq) iq ' + P2 cos0 A o 
, 2 2S 

V 

Then the boundary conditions can be written as follows, 

• '[ 1 1 A- o , -yv 2+k 2 o :-o ~ J 1 - o ~2 -o - ~ k2 
ip -:---kt 2S r e 2 + B2sV V + k~ +-:--k A 3S V +kn-ip[A2T e-vv + n2° +B 0 -A 0 

] - 0 
1, 

2 
i 

3 
2T 3T -

for the magnetic field; and 

. (. ') [ 1 { A-o -yv2+ k 2o -o J 1 - o ] . (. ) [ 1 1 -o , -vv2+k2o -o ~ J 1 -o ✓-,-2- ] 
iCùµ iQ -:--k 2se 2 +B 2 s - -=---k A 3s +iCùµ ip -k 2iA 2Tr e 2 +B 2Tyv +k~ +-k2 A 3T v +k~ = 0 

l, 2 l, 3 2 3 

for the electric field. 

Since p and q' vary independently, the above equations can be separated and simplified as follows, 

_1 [ -Ao -yv2+k~o - o ] 1 - o 
k

2 
2se +B2s = ~AJs 

The separation of the equations shown above indicates that the first (S) and the second (T) type field should satisfy 

the boundary conditions independently. 

Solving these, we have 
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When the reflected energy of the first type field (B~s°H~i) arrives at the ground surface (I-II), it will be split 
into the two types B~s 0 H~i and B~T 0H1/. Then a part of the energy will be transmitted into the air in the forms of 
Bïs1H~i and Bh 1H1/, and the otherpartofthe energy willbe reflected back intothe earth as A~s

1
H~e, Ah 1H~/ (Figure 7). 

FIGURE 7. Procedure of successive approxi­
mation (the third stage). 

I 

II 

In this case, the split of the field may be formulated as follows, 

And the boundary conditions at z = 0 are written, 

a) for the first !Ype field, 

BI 'H'i 
18 8 

1 [ Bo -r1D Al ] 1 B1 k 2s e + 2s = -k 1s 
2 1 

b) for the second type field, 

BI 'H'i 
IT T 

/l.. 'HH 
as a 
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!1 + yvf+lcî 

-~ k~-~+k2 YVi"t"".l\.2+klyV1"t"".l\.1 
1 

r1+vvi+k~ !D 0 --------- e- i B 2T 

-~ k ~ -~k 2 VVi"t""n.2+kiyV1+n.1 
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Repeating the same procedures between the two boundaries, we can calulate the coefficients B!s, A:s, A:s, A;T, 
-1 -l -Al -Al l Bl ( l 1 2 3 ) . 1 B28 , B2T, ,s, 3 T, B:zs, 2 T = , , , . . . sucess1ve y. 

These solutions are summarized as follows: 

yv2+kÎ -yv2+KÎ A o 
1S 

yv 2 + ki + yv2 + k~ 
(4.3.1) 

k 2 2yv2+KÎ Ao 
- 1S 
k1 yv2 + ki + yv2 + k~ 

} (4.3.2) 

! , + vv '2 
+ k~ e-yv2 + k~D A~s 

yv ' 2+ k~ + yv ' 2+ k~ 

(4.3.3) 

} (4.3.4) 
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r 1 - V vl + k½ r o o ------- e- i B2s 
yv½+k~+yvf+k½ 

k 1 r 1 + y v l + k ~ -r o o = - -------e i B2s 
k 2 yvf+k~+yvï+kl 

r1+vv½+k~ 

yvÎ+kÎ k ~ y'v1+k1 
+kl V1+ 1 

k~ vvf+kî r1-kl v1+ i 

k2 
yvl + k~+ k~yvl + kl 

1 

, k~ y ,2 k2 
ri+ k2v1 + 3 

3 

e-r1D B~T 

e-f1D B~T 

e-yvl + k~o A1 
---------- 2T 

, V , 2 k2 r1+ V1 + 2 e-vvl+k~D -Al 
---------- 2T 

(4.3.5) 

} (4,3.6) 

(4.3.7) 

} (4,3.8) 
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Bfs 

-~ k;_~k2 yv2-i-n.2+ k{ yV2+n.1 

k2 
yv~+ k;+ k~ yv;+ k{ 

1 

,:2 ✓ ,:2 k:2 e-yv[+ k~o -z 
-z r z + ·v l + 3 A2s 
B:2s 

Jv; 2 +k;+Jv;
2
+k~ 

k3 r; 2 - ✓v; 2 +k½ e-yv2l+ k;o -z 
-z A2s 
A3s - \Z; ✓v;2+ k½+v'v; 2 + k½ 

,2 k½ ✓ ,:2 kl 
rz k2 vz + 3 -yv 2 + k 2 D -l -z + 3 . e l 2 A:2T 

B2T 
✓ ,2 k½ ✓ ,2 k 2 

V l + k ½ + k ~V l + 3 

,:2 ✓ ,2 k2 -yv2 + k2D -z 
-l r - ·v l + 2 e l 2 A2T 
A3T 

✓ ,2 k½v' ,2 k:2 
~l +k;+k~vl + 3 

1 [ 13 l 1 (-iq ') (iq ) + p 2 cos 0 l + B!T (ik 2) (-ip) sin0 ] = - 2 - :2s• l z+1 
V l+ 1 
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(4.3.9) 

(4.3.10) 

(4.3.11) 

(4.3.12) 



338 PUBLICATIONS OF THE DOMINION OBSERVATORY 

B l+ 1 
1s 

A l+1 
2S 

B l+l 
lT 

A 
l+1 
2T 

rl+i - yvz!1+k~ e-rl+1D B~s 

yv z! 1 + k i + yv z! 1 + k~ 

4-4. The second type field as an externat field 

(4.3.13) 

Following a successive procedure similar to that in the previous sub-section, we can solve the problem when 
the second type field is incident to such an underground structure as shown in Figure 3. Even in this case, the solu­
tions obtained in the previous section hold true except for the equations (4.3.1) and (4.3.2), which should be replaced 
by the following, 

4-5. Both types of fields as externat fields 

k2 
. ~ +-1.yv2 + k2 yv--i-ni kl 2 

2 A~T 
k2 

yv2 + k2 + _!._yv2 + k2 
1 k~ 2 

2 yv2 +ki 
---------A~T 

k2 
yv2 + k2 +_!_yv2 + k2 

1 k~ 2 

(4.4.1) 

(4.4.2) 

Repetition of the above procedure enables us to solve the problern when both the first and the second type fields 
are considered together as the external applied field. Almost all the solutions take exactly the same forms as are 
listed in the section 4-3. The only difference is that the first two solutions (4.3.1) and (4.3.2) should be replaced by 
the following. 

A~s = ~ 2 
yv2+kÎ A~s 

k1 yv2+ki+yv2+k~ 

y'v2 +ki-y'v2 +k~ Ao 
1S 

~+~ 

(4.3.1 ) 
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k 2 
Jv 2

+k~ - k~ Jv 2+k~ 
2 

A~T 
- ~ k~ Jvï+k1 V V T l\. 1 + - V 2+ k 2 

k~ 2 

(4.5.1 ) 

(4.5.2) 

4-6. Electromagnetic field at the surface of the ground 

The magnetic field and the electric field in the region (I) can be approximated by an infinite series as follows, 

(4.6.1) 

Substituting the equation (4.2.1) into the above, we have 

0 
o B~s 1/lo Bis H Ais -ipy'v 2+kï ipy'v2+kï ipy'vï+k Ï tf;L+ Bh ÎQ1 t/JL + ... 

ik 1 1/11e+~ li+T 
1, 1 l, 1 

-iqy'v 2+k ï iqy'v 2+k ï . y'v}tkÎ 1,Ql V1+ 1 -ip 

v2 v2 vï 0 

A~s iq 1/lo _ B~s iq t/;o · _ B½s ÎQ1 
1 B½T iwµ ipy'vï+k Ï t/JL + ... E - -- wµ Cù/1 Cù/1 1/J1i + l{2 

k1 ie k1 1t k1 1 
-ip -ip -ip . y'v}tkÎ 1,Ql V1+ 1 

0 0 0 V~ 

Since the coefficients B~s, Bis, ... , Bh, Bh ... are calculated in the section 4-3 and tf;{< .> at z = 0 is easily 
e , t 

obtained from the equation (4.2.2), we can calculate the magnetic field and the electric field at the ground surface 
from the above equations. However, the coefficients B{ es, T > are expressed in such complicated forms that it is not an 
easy matter to see the general behaviour of the electromagnetic field without making numerical calculations. The 
results of numerical calculations using an electronic computer are shown in a later section. In this section, only a 
few special cases, which are tractable in an approximate way, are discussed. 

This is a case in which the second layer (II) is identical with the poorly conducting first layer (I). Then all the 
energy of the electromagnetic field, whether it be the field incident from outside the earth or the field reflected from 
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the tilted boundary, will be transmitted perfectly through the interface (1-11). Consequently, on employing the succes­
sive approximation presented in a previous section, we have only to consider the first reflection at the tilted boundary 
(II-III). 

Ignoring kL kL compared with v 2
, the coefficients of (4.3.1) to ( 4.3.5) are simplified as follows, 

0 

-Bo _ A( , k ) -y'v 2+k~D Ao 
- 2S - '/J V , 3 e 2S , 

Since v 2 >> k~, k{, we have the following relationships between the wave numbers, 

v' = v cos0 + iq sin0 

v 1 = v cos20 + iq sin20 

q q cos0 + iv sin0 

q 1 q cos20 + iv sin20 

} (4.6.3) 

(4.6.4) 

(4.6 .5 ) 

(4.6.6) 

l (4.6.7) 

l (4.6.8) 

(4.6.9) 
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Therefore the equations ( 4.6.4) to ( 4.6.8) can be rewritten as follows, 

,,/... ( , k) e-yv 2+k~o ~Ao 
'fi V , 3 , 1S 

V 

(4.6.10) 

B~s cp (v ', k3) e-YV
2
+k~D ~ A ~s 

V1 

B~s cp (v ', k3) e-{r1+\/'v2+kno ~ A~s 
V1 

Substituting the se in the equation ( 4.6. 2) and putting z 
magnetic field at the ground surface (I-II). 

0, y 0, we have the following equations for the electro-

v2 [1 v1 ,,/...( , k3) e-(v1+v)D] A ois 
-;---k +-'+' V ' 
l, 1 V 

(4.6.11) 

j 
When a

3 
is large (k~>> v'2

), we have approximately <p (v', k 3)=-1. Provided that 0 is small, trigonometric fonctions 
can be approximated by power series of 0. Then, ignoring terms higher than 06

, we can rewrite the above equations as 

follows, 
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When vD >> 1, and neglecting terms of the order of 01 and vD, 02
, we have 

H = - 2 
P v [ 1 - v D - iq 0 D ] A~ s 

X k1 

2 Q V [ • V ( Q 
2D) ] o - -- 1- vD + i 0 1- - Ais 

k1 Q V 

-
2
kv

2 

[-5!...0(1-vD) + i(vD+0 2
)] A~s 

1 V 

-
2
~; (iq) [ vD + iq0D] A~s 

Ey = 
2
~; (ip) [ vD + 02 + iq0D] A ~s 

When vD >> 02 >> 1, the above equations become 

2qv0[1 .v0]AQ --.z; +z,q lS 

- 2kwµ. (iq) vD [ 1 + i~0] A ~s 
1 V 

E 2wµ.(.)02[1 ,qD]Ao 
y = ~ z,p +i 0 1S 

1 + i:!0 
V 

iwµ.D---

1 . qD 
E . 02 P +i0 

Y = - iwµ. - . ---­
Hx 

vQ 
1 + i~ 0 

q 

(4.6.12) 
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From these, we may conclude that (i) the horizontal components of the magnetic field (Hx, Hy) are made twice as large 
as the applied external field by the existence of a highly conducting layer dipping with a small angle; (ii) the ratio of 
Hz to Hy always remains constant (Hz/ Hy=0) irrespective of Hx, or of the orientation of the horizontal vector of the 
magnetic field; this indicates that the magnetic variation vectors are confined on a plane parallel to the tilted bound­
ary; (iii) the ratio of EY to Ex is of the order of 0

2 
lvD; consequently the variation of the electric field at the ground 

surface is expected to be polarized linearly in the y-direction; (iv) Ex/HY is equivalent to that of the horizontal case 

1 + i !10 
V 

(3.21) except for a correction factor ----, whereas Ey/Hx is essentially different from (3.21) due to the effect of 

l+i~0 
q 

the dipping boundary. 

On the other hand, when 1>> vD>> 0, we have the following equations in place of (4.6.12). 

Hz (4.6.13) 

2wµ(.) D - -- iq • V 
k1 

2wµ 
Ey = ~ (ip) ,vD 

Therefore if we take the ratio of Hz to either Hx or Hy, we have 

iv vD 

{p, q} 1 - vD 
} (4.6.14) 

This is equivalent to the equation (3.22) o·btained in the case of horizontally stratified structure. In a similar way we 
have 

Ex iwµD 

Hy 1 - vD 

(4.6.15) 

Ey _ iwµD_ 

Hx 1 - vD 

This is also the same as the equation (3. 21), and no preferred direction of the telluric field variation is obtained in this 
case. 

5. Numerical Calculation 

5-1. Process of numerical calculation 

Since it is not possible to obtain analytically simple expressions for many cases of interest, the problem was 
solved numerically on a CDC 3400 electronic computer, at the University of Montreal, for a few specific earth models 
in which the first type field is applied from outside the earth. 
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The pro~ram ~as arranged so as to follow the iterative process decribed in section 4. In the first place, B~s, 
A~s and then A~s , A~T were computed from the equations (4.3.1), (4.3.2). The complex coefficients A~s A~T were used 
to calculate ~s, B~T, A~s and A~T following the process shown in the equations ( 4.3.3). Then B~s and B~T were 
transformed into B~s and B~T by (4.3.4). From these, B½s, Bh and A½s, Ah in (4.3.S) were obtained in complex forms. 
Substituting A½s, Ah into (4.3.6), we could compute A½s, Ah. Then repeating the same procedure, B~s, Bh, .. , Bfs, 
Bf T were computed. 

On the other hand, the magnetic field and the electric field at y = 0, z = 0 are expressed, in the case when 
k 1<< 1, as follows, 

iv 2 o 00 

~Hi] Hz --Ais [ 1 + l 
k1 l=- o 

iwµQ A o [ 1 B~s 00 

~E;] Ex ~ 1S +--+ l 
A~s l=O 

E . _ iwµP A ~s B~s 00 

~E!] [ 1 +--+ l y 
k1 A~s l=O 

where 

Every time B 1s and 8 1 T were obtained, ~H; ,y,z and ~E;,Y were computed; The above procedure of obtaining Bfs and 
B{T was repeated until the terms ~H;,y,z and ~E;,Y became less than 10-. 

The program for the tilted boundary was shown to be working properly by making computer calculations for a few 
special cases, where the solutions were obtainable analytically, such as the case when 0 = 0° or the case discusseà 
in the following section. 

5-2. Results of numerical calculation 

Table I gives values of the essential parameters for three models - A, B and C. The amplitude and phase rela­
t ionships of the magnetic and electric ratios and their dependence on source field wave length, angles of tilt and 
period, are discussed in this section. 
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a2 emu 

Model A 10-30 

Model B 10-15 

Model C 10-11 

a) Anisotropie behaviour of the electric field. 

a-i) Model A with v = 10-
10 

cm-
1 

Table I 

a 3 emu (fJ D km 

10-11 10 10 

10-11 10 10 

10-15 10 10 
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k// k/ 

1 

10-39 

10-39 

This model is a tilted conductor underlying a highly resistive layer. Hodograms of the magnetic and electric 
horizontal vectors for variable p or q (v 2 = p2 + q2

) and T = 100 sec are given in Figure 8. It is seen that the electric 
vector is strongly polarized for the majority of the magnetic source orientations. 
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FIGURE 8. Variations in the horizontal components of the magnetic and the electric field in the case where V= Hr
10

cm-1, T = 
100 sec, kVk~ = 1, a2 = 10-30

emu, a3 = 1cr
11

emu, 0 = 10°, D = 10 km. 

_10 1 
The ratios Hz-/Hx, Hz/Hy, Ey/Ex are given in Table II for p = q = 0.7071 x 10 cm- and for the periods 102

, 

104, and 105 sec. The electric ratio is always large throughout this period range indicating strong polarization in the 
y-direction, although this effect decreases somewhat (one order of magnitude) with increasing period. In contrast, for 
the same source orientation the ratios Hz/Hy, Hz/Hx remain nearly constant in this period range and are equivalent 
to the angle of tilt of the plane. However, on changing the orientation (ie p or q) of the magnetic source vector, the 
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ratio Hz / Hy, varies in amplitude and in phase (not illustrated), while Hz/ Hy remains constant (Hz/ Hy = .176 = tan 
100). 

Table II 

T = 102 sec T = 1~ sec T = 105 sec 

Ampl. Phase Ampl. Phase Ampl. Phase 

Hz/Hx 0.176 0.078177 0.177 0.078777 0.177 o. 080077 

Hz / HY 0.176 0.000377 0.177 0.000977 0.178 0.002377 

Ey/Ex 236.3 -0.98477 69.0 -0.87477 25.5 -0.85277 

The above results can be deduced from equations ( 4.6.12) for the particular combination of parameters vD << 02 

<< 1. It is concluded that, for this case, the magnetic field varies on a plane parallel to the tilted boundary and that 
the variation in the electric field is almost entirely in the y-direction. 

_7 1 

a-ii) Mode! B with v = 10 cm-

This is the case where a poorly conducting layer overlies the dipping conductor. Figure 9 shows the variation in 
the horizontal component of the electric field together with the magnetic variation vector on the horizontal plane. 
Although an anisotropie tendency is still noticeable tending to confine the electric variation in the x-direction, the 
polarization is not as remarkable as in the previous case. 
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FIGURE 9. Variations in the horizontal components of the magnetic and the electric field in the case where V= 10- cm , T = SO 

sec, kVk~ = 10-
39

, a2 = 10-
15

emti, a 3 = 10-
11

emu, 0 = 10°, D = 10 km. 
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When the magnetic vector rotates as in Figure 9, H z/Hy varies from 0.17 to 1.3. It follows that the magnetic 
variation is not confined to a plane in this case. 

Consequently it is clear that the existence of a poor conductor over the dipping conductor leads to differences 
in the magnetic and electric variations when compared with the case in which the atmosphere is in direct contact with 
the tilted cond uctor. 

b) Magnetic component ratios 

Hz . _R and~ . ~ were calculated for Mode! B with v = 10-' cm-1, p = q = O. 7071 x 10-' cm-1, and are shown in 
Hx V Hy V 

Figure 10 together with similar curves for the horizontal structure. Slight differences between the curves for HH z • f can 
X V be seen for shorter periods only. 

In Figure 11, the ratios are shown for mode! C in which the good conductor overlies a poorly conducting tilted 
_11 _1s _, _1 ki 39 

material. The parameters chosen were 0 = 10°, a 2 = 10 emu, a 3 = 10 emu, v = 10 cm , p = q, k~ = 10- . The 

figure indicates that the magnetic variation !oses its anisotropie property when the dipping boundary is placed at a 
depth of 100 km. 
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When the angle of tilt 0 is changed from 0° to 20° the ratio Hz • ~ changes as is shown in Figure 12. It is evident 
Hy V 

that tilting the boundary causes the ratio to increase above its value for the horizontally stratified model. Phase 

differences of Hz , Hz are given in Figure 13. 
Hy Hx 
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For the shorter periods Hz . ~ also increases as the 
Hy V 

depth to the conductor increases, as shown in Figure 14. The 
deeper the conductor, the less discerni ble any difference 
becomes between models of the tilted boundary and hori­
zontal structure. When the depth is 10 km, the ratio for the 
tilted case for the period of 100 sec is 1.5 limes as large 
as that of the horizontal case, whereas there is no sigpi­
ficant difference between two models for the depth of 100 
km. 

c) Magnetotelluric relationship 

The ratios of the electric field to the magnetic field 

variation, Ex and ~HE, are plotted against period for three 
Hy X 
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and 
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angles of tilt in Figures 15 and 16 for the model B (v = 10-
1 

cm-1, p = q). For periods less than 105 seconds, it is seen 

that ~ is markedly influenced (a factor of two at T = 1000 sec) by an increase in tilt angle from 0 = 0° to 0 = 20°, 
Hx 

whereas Ex/Hy is relatively independent of tilt. 
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Phase differences of these ratios are given in Figure 17. Large departures (for T < 104 sec) from the horizontal 
case are indicated. 

One can deduce that these ratios characterize the angle of tilt of the inclined boundary for model B. 

d) The influence of the poorly conducting top layer on the telluric field 

In mode! A the top layer (II) is identical with the atmo$phere (I), whereas in mode! B, (II) is a poor conductor 
15 

in which a 2 = 10- emu. Actually there is no boundary existing between the (I) and (II) layers in mode! A. Numerical 
calculations were made for these two different models. Any differences in the amplitude ratios (see Figure 18) and 

3 
phase differences of Hz./Hx and Hz/Hy were less than 10- . However, the magnetotelluric relationships, Ex/Hy 
and E y/Hx, become different for short period variations as shown in Figure 19 and Figure 20. Anisotropie variation 
is rather conspicuous for the mode! B in this case. Consequently it may be concluded that the telluric variation is 
more sensitive to the change in conductivities between the mode! A and mode! B, although these two models are nearly 
identical so far as the magnetic variation is concemed. This result would be expected physically. 
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6. Conclusions 

The tilted boundary problem is essentially different from that of the horizontally stratified structure in the 
generation and coupling of the first and the second type field within the region bounded by the horizontal ground 
surface and the inclined boundary. The effect of the second type field is more serious on the electric field than on 
the magnetic field. It contributes to produce an anisotropie variation in the electric field. 

A tilt of a highly conducting layer underlying an insulator or a poor conductor (model A and B) tends to confine 
the magnetic variation to a plane parallel to the inclined boundary itself. This has the effect of increasing the vertical 
component compared with the case of the horizontal conductor situated at the same depth. Such an increase becomes 
unrecognizable when the conductor is buried as deeply as 100 km under the ground for the model B (0 = 10°). 

In a special case (model A) when the second layer (II) is identical with the atmosphere (I), (or a tilted conductor 
is exposed to the air), a strong confinement of the electric field in the y-direction was obtained. At the same time it 
has been shown that the magnetic variation is confined to a plane parallel to the tilted boundary. However the rela­
tionship between the limited direction of the electric field and the magnetic variation plane does not accord with the 
results of observations (Yokoyama 1961, 1962; Whitham and Andersen 1965). 

15 
When the second layer was replâced by a poorly conducting material (eg a 2 = 10- emu), the strong polarization 

of the electric field vanished, although there was still a noticeable anisotropie variation. This suggests that, however 
small the conductivity may be, the existence of a poor conductor different from the atmosphere, has some influence on 
the electromagnetic variation, and especially on the electric variation at the ground surface. This may be due to the 
large contrast of the parameter k between the atmosphere and the poor conductor (i. e. between k 1 and k2 ) which tends 
to confine the second type field energy within the poorly conducting region (II). 

The present theory, so long as the discussion is limited to a small angle of tilt (tan0< q ), does not sucess-
P+l<Î 

fully explain the observed strong polarization of the telluric field in connection with certain anomalous magnetic field 
variat ions, (eg Alert, N.W.T.) although some degree of anisotropy in the electric and the magnetic field has been 
theoretically obtained. 
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