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Electromagnetic Induction in a Conductor Bounded by an Inclined Interface
T. Yukutake*

Abstract—Electromagnetic induction is studied for a two-dimensional earth model where & top conducting
layer is underlain by a different tilted conductor, The problem is solved for a small angle of tilt by a

successive approximation method, following repeated reflections of electromagnetic energy between the
ground surface and the tilted boundary.

Two types of field are formulated within a conductor. One is characterized by having a vertical
component of the magnetic field and the other by having no vertical component of the magnetic field.
Both types of field are generated when either type of field arrives at the tilted boundary. It appears that
the latter type field plays an important role in producing an anisotropic variation in the electromagnetic
field.

Solutions are computed numerically on an electronic computer. Several examples of anisotropic
behaviour of the electromagnetic field are shown.

Résumé—L’auteur étudie I’induction électromagnétique sur un modéle de Terre & deux dimensions, oi une
couche conductrice supérieure repose sur un conducteur incliné différent. Pour une faible inclinaison, le
probléme est résolu & 1’aide d’une méthode par approximations successives, consécutive & un réfléchisse-
ment répété d’énergie électromagnétique entre la surface du sol et la limite inclinée.

Deux genres de champs sont induits dans un conducteur, L’un deux est caractérisé par une compo-
sante verticale du champ magnétique, tandis que 1’autre n’en posséde pas. Les deux genres de champs sont
produits lorsque I’'un d’eux atteint le plan incliné, Il semble que le dernier joue un rdle important dans la
production d’une variation anisotropique du champ électromagnétique.

Les solutions sont calculées numériquement & 1’aide d’un ordinateur électronique. L’auteur donne
plusieurs exemples du comportement anisotropique du champ électromagnétique.

*Now at the Earthquake Research Institute, University of Tokyo, Tokyo, Japan.
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1. Introduction
Theoretical work in magnetic induction and magnetotellurics has usually been based on horizontally stratified
homogeneous structures (Cagniard 1953, Price 1962, Wait 1962). However, a number of observations by various inves-
tigators have revealed that the natural electromagnetic fluctuations are, at many places, much more complicated than
may be expected from these theoretical resuits.

It has been frequently observed that the magnetic variation vectors have a tendency to confine themselves more
or less on a plane which is a property of the observation point. (Parkinson 1959, 1962, 1964; Maeda et al., 1964;
Horton 1965; Schmucker 1964; Lambert and Caner 1965). It is also reported at various stations that the vertical compo-
nent of the magnetic field varies in phase with a particular component of the horizontal magnetic field irrespective of
the orientation of the extemally applied field. (Rikitake, 1959, 1964, 1966; Whitham and Andersen, 1962; Kertz, 1964;
Schmucker, 1964; Simeon and Sposito, 1964). An anisotropic property of the telluric field variation has been observed
at several places (Niblett and Sayn-Wittgenstein 1960; Srivastava et al., 1963). In extreme cases, the telluric field
variations show a strong tendency to become linearly polarized while the magnetic variations are more or less unaf-
fected (Yoshimatsu 1957; Yokoyama 1961, 1962; Rikitake and Sawada 1962; Whitham and Andersen 1965; Rikitake
and Sawada 1962; Whitham and Andersen 1965; Rikitake 1966).

These unusual characteristics of the magnetic field and the anisotropic character of the telluric variation,
especially the strong polarization of the telluric field, appear impossible to understand on the assumption of horizon-
tally stratified homogeneous earth models.

Anomalous variations in the magnetic field generally are explained by inhomogeneities in the electrical conduct-
ivity within the earth and may be produced, for example, by electric currents concentrated in highly conductive regions
embodied in a poorly conductive earth (Rikitake 1966; Whitham and Andersen 1962; Law et al., 1963; Kertz 1964;
Schmucker 1964) or the edge effect between the ocean and the land (Parkinson, 1962, 1964; Weaver 1963; Schmucker
1964). On the other hand, anisotropic variations of the telluric field usually are discussed in terms of possible
anisotropy of electrical conductivity (Rikitake and Sawada 1962; Yokoyama 1961, 1962; Whitham and Andersen 1965),
whereas only a few studies have been made of the inhomogeneous distribution of different conductors.

D’Erceville and Kunetz (1962) discussed the effect of a fault on the natural electromagnetic field in the case
where the fault is the boundary between two different conductors. Although their study was limited to a particular
type of field specified by the electric vector having only a component normal to the fault, they concluded that the
electric field on the more conductive slide diminishes rapidly on approaching the fault. Mann (1964) studied the magne-
totelluric problem, using the perturbation method, when the conductor was bounded by a sinusoidal surface under the
ground, and obtained an anisotropic property of the electromagnetic field. Unfortunately, however, these theories are
not sufficiently comprehensive to be applicable to anisotropic phenomena characterized by periods of a few minutes
to several hours because particular types of plane waves were assumed as the extemal field, whereas the variations
actually observed at such moderate periods are composed of a more complicated field than that expressed by simple
plane waves.

In this paper, electromagnetic induction at the surface of an inclined conductor is discussed when the external
field has a wave length of finite extent. Discussion is limited to problems where the angle of tilt of the boundary is
small and the effect of the intersection point of the ground surface with the inclined discontinuity is ignored.

In section 2, two types of electromagnetic field in the conductor are formulated. In section 3, the induction
problem for horizontal structures is briefly discussed when the two different types of electromagnetic field are taken
into considerration. The same procedures discussed in section 3 are extended to the problem of tilted boundary in
section 4. Results of numerical calculations for tilted boundary problems are shown in section 5.
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2. Two Types of Electromagnetic Field within a Conductor.

When the time factor is assumed to be e’“!, Maxwell’s equations can be written in electromagnetic unit$ as
follows,

3

curl H .kz E
o

curl E = —iouH
r (2.1)

div H 0

div E

I

41rp9;~

J

where H is the magnetic field vector, E the electric field, u the magnetic permeability, ¢ the dielectric constant, p the
charge density, c the velocity of light, o the electrical conductivity and

k? = 4nopwi + G_’j w? (2.2)
(&

It may be assumed that the density of free charge in the conductor is always zero, because the relaxation time of
charge is extremely short in the interior. Then we have

’ divkE = 0 (2.3)
] Under this condition, Maxwell’s equations can be reduced to the following form,
V:H - k3H = 0 (2.4)
VE - K2E = 0 (2.5)

The equation (2.4) has two different types of solutions (Price 1950; Bullard 1949), namely,

9y
9y

Hy = | 9y (2.6)
ox
0

and

| a,¢
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ox? dy?

where ¢ is the function which should satisfy the following equation.

| V- k2= 0
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Similarly, we have the following types of solutions for the electric field, corresponding to the magnetic field Hy and
Hgs respectively,

[ o'y
0x0z

5 az¢

_ o

Eg T{:“ 39z (2.8)
Yy _ 9%

“ox? dy?

[ 3y

dy

Ep = - 21| 9y (2.9)
oJx

ud
Henceforth we shall call (Hg, Et) the first type field and (Hy, Eg) the second type field.

3. Electromagnetic Induction for Two Horizontally Stratified Layers.

3—1. Formulation of the electromagnetic field at the ground surface.

The induction problem of the second type field was discussed by Price (1950) with respect to a semi-infinite
plane conductor. In his study he ignored the displacement current in the atmosphere. It followed that the magnetic
field of the second type always became zero outside the earth. Then he concluded that the second type field inside the
conductor corresponds to the free decay of certain distributions of electric current, which cannot be affected by any
external (first type) field.

In this section, retaining the displacement current in a parameter k,, we shall briefly discuss electromagnetic
induction for an earth model of horizontal structure, including the second type field.

I Atmosphere

ground surface L

FIGURE 1. Model of horizontal structure.



ELECTROMAGNETIC INDUCTION ON A CONDUCTOR BOUNDED BY AN INCLINED SURFACE 321

Let us take the earth model as is shown in Figure 1. Then the first type field can be expressed from (2.7) and
(2.9) as follows,

—ipV/ v’+k;.

PAR ";_i ~iq VVTKE | efextiey oV« (3.1)
v3
e | !
Ef - —% —ip | efpxtiay VR (3.2)
i 0
ip vk
i
Héi = ;_l_(l___ iq VK2 : eipx-l-iqy e\/V’+k‘i z (3.3)
i
vﬁ
s iq .
E'II“ ok ;:it. —ip | efpx+iay e\/v’+k’} z (3.4)
j 0
k% = 4mop;wi + ‘é# w? (3.5)
v = pz o q! (306)

Where suffix j indicates the quantity in the j—th layer. Hi° represents the first type magnetic field of external origin
in the j—th layer, Héi the first type magnetic field of internal origin. Similarly E and E/f are the first type electric
field of external and internal origin respectively. The explicit forms of the second type field are derivable from (2.6)
and (2.8) as follows,

; iq
“!re = —ip eiPx+iP¥ e"\/V’-i-E’iz (3.7)
0
—ip \/v5+E’l_
i
V,
&q 2 2
“'lfi = |-ip | eirxtiay e\/v+ka (3.9)
0
ip Vyvi+k?
)

Ef =._i;‘::" iq \/V’+E’i gipxtiay eVV”LE’;‘ (3.10)
i »

The electromagnetic field within each layer is composed of the above different types of the field. In the region
(1), the magnetic field and the electric field can be expressed in the following forms.

1e 1i 1e 1
H A;s“s 2 BISHS L AlTHT + BITHT

for (I) (3.11)
E

1§ 1 1
A;sE'lre +BEr + ArEg + B,rEs
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where A5, A, B;s and B, are constants to be determined from boundary conditions. Similarly we have,

. )
2 .
H = A,gHs + B,sHg + A,rHy + ByrHy
for (II) 4 (3.12)
2e g 2e 2§
E = AZSET + stET + AﬂTES o B:TES
7/
and
H = A;sﬂsse B A;TH;‘C
for (III) > (3.13)
3e Se
E = A3SET + A3TES : J

Since the electrical conductivity of each layer is finite, tangential components of the magnetic field, the normal
component of the magnetic flux density and the tangential components of the electric field are required to be continuous
at each boundary. At the surface of the ground, for example, the following equations should be satisfied.

’;—jA;s (-ipVv*+kD) + Bys (ipyv3+kd) | + {Aip (i) + Byp (i) }

o % {A,s (<ipy7TiED) + B,s (ipyvTED } + {A,1 (id) + Byp Gid) }
—l];—l{A,s (~iaVv*+k)) + B,g (iayv kI } + {A ¢ (~ip) + B,y (~ip) }

_7ic- 1Aas (-iaVwHED + By (iaVomED § + [Asy (-ip) + By (ip) |

% [ pt ™ B gt == A g32 4+ Bygstl r (3.14)
1 12.91
oy [ {A,s (iq) + B,g (iq) } 4 Aur (—zp\/ 11k3) 4 Bt (zp\/ k) ]

=-—k—y-[{A,s(zq)+B,s(zq)}+ ”(—zp\/__v’+k3)+ ""(zp\/—*+k§)]

s [ {A,g (~ip) + B,g (-ip) + ‘T (—zqv 4K3) + —F ‘T (zQ\/V’+Ei) ]

# [{Azs (=ip) + B,s (~ip) } + —ﬂ(-—tq\/ kI + ’T (zq\/ 3+k3) ]

Then the first equation, for example, can be rewritten as follows,
1
~ip [ V 2+E (Axs B;s) = VV’+k§ (Azs—B)s) ]
2

+iq [ (A,r + Byp) - (A;p+B,g)] = 0 (3.15)‘

p and g are independent of each other, since these quantities are dependent on the configuration of the external
source field only. Consequently, in place of the above equation, we have the following two equations, each of which
involves either the first or the second type field respectively.
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N 1 g
TI V’+ l‘ (Als—BlS) == k—.‘. V’+ g(Azs—st) =

(3.16)
(Ax'r + Byq) - (Az'r +B,r) = 0

In the same way, it can easily be proved that the first and the second type field should satisfy all the boundary
conditions separately.

Solving the boundary conditions, we have the following results for the first type field.

By = Vv3+ki (1+8) - vk (1-8) %

Vvirki (148) + Vvi+ki (1-B) '
ot L k_ 2vvi+ki
® Kk, Vvi+ki (1+8) + Vvi+Kk] (1—[3)
Bys = B Ass T (3.17)

ky 9y/irkie Vv +Ei D

A;s = e A:S

k, (vVvi+ki + Vvirkd) eV +ki D
B VV +Ez VV’+E, _z‘lvz_’_k!

2+ 2+

For the second type field, we have

& VPR (1) — 1 VO (1)

g
BIT = 1 1 Arr L
m Vriwki (14<) + K Vviki (1-«)
2 2
—E vv +R§
A:T - 1 ) Ax'r
—ﬁ\/vuﬁi (1+e) + E\/V’+k§ (1-«)
B:T &= aAiT & (3-18)

% VU] e-VVHE] D

A;T = 2 AZT

(5 VIR + oz VoI VYKL D
/ 2 3
! e vi+Ki l\/'ui+1ii

. =Y B-i o~2VPEI D

1 1
3, 3 — 2
I vi+k] + K Vvi+k}
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3-2. Magnetotelluric relationship for the two-layer model.
a) The first type field as an external field

When the first type field is applied from outside the earth, the ratio between orthogonal horizontal components of
the electric and the magnetic field at the ground surface can be written as follows,

(E.x)x iop 148
H,5)y VK3 1-8

__iop  VUTE] (147 2VVHKID), FaE] (1-e72VV+RID)
VAL VK] (1-e "2V HRID) TRT (1467 2VVHKID) (3.19)

Similarly, the ratio of the vertical component of the horizontal component of the magnetic field is obtained as,

(H.s) 2 v? 1+8
{ (H2s)x, (Hys)yl { p.a} Vii+ki 1-8

iv? VIARK] (146 2VVHKID), pargE (1~ 2VV HKID)

= (3.20)
{ p,a } VKl ViisK] (1-e~ 2VV*HKID) T (140~ 2VVHEKID)

In the case when k, is extremely large (ki>> v2, ki>>k3) and \/»? + ki D<< 1, the above equation (3.19) can be
simplified as follows.

(E.p)x
(Has)y

Teapl (3.21)

The ratio of the electric to the magnetic field becomes independent of the conductivity of the II and III layer, and is
simply proportional to the frequency w and the depth to the conductor D. This is exactly the same result obtained by
Cagniard (1953).

Under the same conditions, the ratio of the vertical to the horizontal component of the magnetic field can be
reduced to

(Has) 2 oL (3.22)
{ (st)x- (“zs)y } {p.a}

This quantity is subject to a configuration of the source field in terms of v2/p or v?/ q. However, in the case when the
wave length of the external field has been estimated by independent means, a straightforward estimate of the depth D
becomes possible by (3.22).

In the case where a poor conductor is overlain by a moderate conducting layer, namely k,<<1, and k,D is also
small when v<< 1, (3.19) becomes

(E;r)x . 1 (3.23)

(H,g )y 4no,D

The ratio of the electric to the magnetic field becomes independent of frequency in this case, and is inversely propor-
tional to the top layer conductivity o, and the depth D, as has already been pointed out by Cagniard (1953) and Price
(1962).



!

ELECTROMAGNETIC INDUCTION ON A CONDUCTOR BOUNDED BY AN INCLINED SURFACE 325
Under the same conditions, we have from (3.20)
(n zs) z s v? 1
l (“zs)x- (st)v 3 { P, q } . 4nro 0D

(3.24)

which is dependent on the frequency as well as the source field configuration.

These relations may be useful for a rough estimation of the conductivity (o,) of the top layer when it isoverlying
a poor conductor.

b) The second type field as an external field

Corresponding to (3.19), the ratio of the electric to the magnetic field at the ground surface can be represented

as follows,
(Eas)x _ Ly Vvirkd 1-«

(Har)y ki 1+«
e . ; e =" (3.25)
= iop VVIFK] kiyuirk] (1-e~2VVHKID) Tk DTrRT (1407 2V HKID)
- 1
kI  k3V/oirKE (1+e~2VVHEID) | k3 /piEd (1-e—2VVHKID)
In the case where o, is large (ki>> v?, ki>>Kk3, ki>> 1?) and \/»? + ki D<< 1, we have
(Eas)x _ iop D (3.26)
(H,1)y

On the other hand, when o, is small (ki<<1, »2<<k3) and the conductivity o? is moderate so thatthe relationship
k,D << 1 holds, then (3.25) becomes

(Ezs)x - I
(HzT)Y 4#03D

(3:27)
These are identical with the results (3.21), (3.23) obtained for the first type.

3-3. Order of magnitude estimate of the two types of the field

A rough estimate of the magnitude of both types of field is made in this section, for the purpose of examining
whether or not the second type field actually plays an important role when both types of the field are applied to the
earth simultaneously.

The amplitude ratio of the second to the first type magnetic field becomes

2e 23
[Hply _| A:xHy + ByrHrp =
= =
IHS IY Azs ste + st Hs‘ z=0
. (3.28)
_D gk, L LB YYRRI(1-B) 4 Ay
q ml—ﬁ Lt oET (1+« " A,g
J
-
gi DK 1 Aur for ki<<v?, kic<y?
q v 1—3 A,s
= »  (3.29)
;DK Ay k2>>p>>ki
i a7V A,s for X3 1
o
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It is impossible to know, a priori, the intensity and the distribution of the external field. Therefore the ratio of
A,r/A,s remains undetermined in the above equation. However, if we assume that A,; and A,g are the same order of
magmtude, then the ratio of the second to the first type field becomes order of magmtude, ky/v. v is usually larger
than 10-"cm—' (Price 1962), and we may expect that k, should be less than 10~*'cm=" for variations with periods
longer than 1 min. Therefore k,/v is less than 10—’. This indicates that the second type field is negligibly small
compared with the first type field when the source field energy is equally distributed in both types of the field.

Similarly, the ratio of the second to the first type electric field at z = 0 becomes

2 2
Esly _ AzTEse”'BzTEsl
- 8
|Exly Azs Ezre + B,sEr | 2=0 R
B g‘/_u.ﬁz (1-) k, 1+ﬁ N T (I—B) A, I

D TP, m(u« e

(

k 1-w A
=% 03y G ip) As b ol W
2

= 4
. % k, 813&33 :_:: for kD> b (3.31)

s

k, ky
k, k3
electric field may safely be ignored on condition that the intensity of the source field of both types (A, and A,g)

are of the same order of magnitude.

Consequently, unless ki becomes comparable with k,/v (in usual cases <<1), the second type

3—4. Successive approximation of the induction problem.

Although the rigorous solutions have already been obtained for electromagnetic induction in horizontally strat-
ified structures, a method of successive approximation is discussed in this section. A similar method will then be
employed for the study of a tilted boundary.

I /SHS BIH BYH

S

i AH: BaH:' Ax'H:

o

k-

FIGURE 2. Illustration of successive ap- Az HS
proximation for a horizontal structure model. m $

Suppose the first type field A,s° t¢ is applied to the earth as in Figure 2. A part of the energy will bereflected
back into the atmosphere as Bjs'HY’, and the other part of the energy will be transmitted into the II layer (A3s'HS®
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When A;s"Hs® field arrives at the other boundary (II-III), energy will be partly reflected (Bls"H%’) and partly transmitted
. 0 0 { .

(A3s"HS). The reflected field B,s Hs’ will repeat the same kind of reflection and transmission at the ground surface

(I1-1). Repeating the same procedure, we have a series of reflected field Bis’H%', Bis'HY, Bis’HY, ... in the I layer.

And we can approximate the magnetic field in the atmosphere by the following series.

3 : :
H = A Hlse + B‘:soﬂlsl + B:slﬂlsl + .0
(3.32)
00 1e 1i
= A;s Hs + B,sHg
where B,s = B;s + Blg +... (3.33)

The above series may be expected to converge rapidly if the attenuation of the field due to diffusion is quite rapid
within the layer II or if the energy which should be stored within the layer II is significantly diminished at every
reflection at the boundary.

In the first place, the boundary conditions sho_uld be satisfied for the electromagnetic fields specified by I-II
boundary, Ais’HE®, Bis'Hs', Ass’HSS, Al’EY, BisEY, Ajs’ET.
Then we have

VIRV g

]
e A

vV virki+y/ Virk]

PSS, (L . (3.34)
Ky \oirki+Jri+k]

B;s

Secondly, the coefficients Ajg and Bjg can be calculated with reference to the known quantity Aj.

o _ VVHERVIVREK] _/piED A '1
N ey

o)
w
0

| (3.35)
OO Vi S
k, Vvirki+/vi+K3

A similar procedure enables us to calculate the coefficients Big and Als.

Al - VHERVWERL T B2 ]
Ny
(3.36)
P
s VORRL yiREDD o

B,s = —
K, uirki+/vik]
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On the other hand, the coefficient B,g in (3.34) has already been obtained rigorously in the case of horizontally
stratified structure in the equation (3.17). It can be rewritten as follows,

VIRERVR] 14+ YOHRRVERE

B = A .
P LR 1 - VORI g s bt
Vvi+kin/vitkl
s
2 =, 2 2
When either B or VV’"':: V::'kiz: is small, the above equation can be written as follows,
Vv itk + +k3
R R s = o PRI G i | W
| i =7 T . e e e o w
Vvirkis/v ik} B vre T Ve 33 18
> (3.38)

=[\/mk—g_\/T+E§=4\/F’ﬁ—i\/V’+E§ P a2 B+ ] Ass

VvikinVrik] (Vit+kis/vi+kd)?  Vi+kin/vikd

Comparing the above equation with Bjg and Big in the equations (3.34), (3.36), it can easily be seen that the first
term corresponds to Bjg and the second to Bis. Therefore the equation (3.38) is identical with the expression (3.33).

The requirement for B8 being small is satisfied when:
1) e Vvitkip o small; this means that the field attenuation due to diffusion is large. This occurs when the
conductivity of the II layer is high enough;

‘} 2 jz: e ‘} 2 2
2) o3 A e is small; this means that only a small portion of the energy is reflected back to the II layer

o P s

owing to the small difference in electrical conductivity between the II and III layer.

‘/ 3 IE’ -1 } 2 IEI
VK T VY K e comes small when either (a) k, and k, are small compared with v (this condition may usually

Vwi+ki + ViP+ K

be satisfied when both I and II layers have such poor conductivity as 10-*° emu.), or (b) k, and k, are similar.

So long as the above conditions are satisfied, it may be concluded that the induction problem for the first type
field can be approximated by the successive approximation procedure described in this section.

4. Electromagnetic Induction ot a Tilted Boundary
Within the second layer II (Figure 3), the second type field Hjr has no Z component of the magnetic field in the
coordinate system of (X, Y, Z). In the tilted coordinates (X’, Y’, Z*), however, it is expressed by a synthesized field
of both types, the first type (having Z° component) and the second type field (without Z” component).
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\j
<

FIGURE 3. Earth model with an inclined
interface.

Consequently one of the characteristic features of the tilted boundary problem is the splitting of the field intotwo
different types that takes place at the boundary. When the first type field is applied from outside the earth, and arrives
at the tilted boundary, it will then be split into the first and second type fields and will be reflected back to the
ground surface. At the ground surface it will be split into both types again and reflected downwards. This procedure
is supposedly repeated in layer II.

The other characteristic feature is the modification of wave numbers. As will be discussed later, the source
field can be represented, in general, as a sum of elementary harmomcs of the form e'P*t!9¥+r2 Ghere r——\/u’+ k;
Such elementary fields may be transformed into eir “x"+ia’y "++’2" in the tilted coordinates (X%, Y’ Z*) where p’=p,
q’=cosf+ i\vi+ ki sind and r’=—/v7+ ki cosf — iq sinf. This indicates that an elongation of the wave length in the
y-direction (by a factor of 1/cosf@) takes place at every reflection and that the field attenuates in the y “~direction.

q

where attenuation in the y’~direction is small and the electromagnetic field can be approximated by superposition of
harmonic functions only.

In this study, however, the discussion is limited to small angles of tilt which satisfy the condition tanf<<

The above procedures are schematically shown in Figure 4, where S¢ and St designate the first type field of
external and internal origin respectively. T and T! represent the second type field of external and internal origin.
S and T are the fields expressed in the coordinate system (X, Y, Z), while S, T are those in (X', Y, Z*)coordinates.

Other quantities in the figures are defined as follows,

12 ,1
Vs = p?+ Qg

, 2
ds as cosf + /v + ki siné
2
1§ =-1+vs + ki cosf - iqg sind

2
pP? + Qg

<
)
I
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FIGURE 4.
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Qs

I's

’ > 2 s
Qg—; cosf + v g_; + ki sinf

2
= Vv g—; + k3.cosf + iq’g_, sinf

Production of two different types

of the field and modification of wave numbers
at the boundaries in the case of the first type
field being applied. S represents the first type
field and T the second type field. S is the
first type field expressed in (x v’ z') coor-
dinates, whereas S is the field in (x, y, 2)
coordinates. The arrows designate the direction
of energy flow,

4-2. Mathematical expression of the field

The first and the second type field in the j—th layer can be written in the (X, Y, Z) coordinates as follows,

Iy,

y (4.2.1)

where ¢; is a function that should satisfy the following equation, A%j; + k;:/;,- = 0. The fields Hg, E¢, Hy, Eg in the

(X, Y’, Z’) coordinates are obtained by differentiating ); with respect to x’, y” and z”in place of x, y and z in
(4.2.1).
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The function y; satisfying the preceding relation can be obtained as follows,

Yie = eipxtiay e—\ﬁJTkiz
Yl = eirxtiay Vvirkiz
¢l = eirxtiqpy e—\/;’l—+k—gz
= eipx ’+iq;y’ el’;s‘ e—\/l_)mb
Yl = etextiay o hy, (z-p)
= eirxtiap V' j+kiz
i eipx’-!-iql’y'e—\/;;:-!-—kgz’
where »?* = p24+q?
vi' = p+q;’ q; = q,c0860+i\/vi+kisind ; = ~Vvi+kicosf-iq sind

2 . :
pP*+q; q,= ql_lcoseﬂy/vl’_l-rk;sme r, = \/ul’_:+kgcose+iql_lsin0

A
~
1]

qbf and ¢: are the potential function of the external and internal origin in the j—the layer.
t

4-3. The first type field as an external field

In order to solve the electromagnetic induction problem at a tilted boundary, we will employ the successive
approximation discussed in section 3-4. In this section, the electromagnetic induction when the first type field is
applied to the tilted boundary model in Figure 3 is discussed in some detail.

I AH BH. A.E:B.E,
NG T

o 0 t 1] o 0 1] FIGURE 5. Procedure of successive approxi-
n A's s A., T mation (the first stage).

At the ground surface (I-II), boundary conditions should be satisfied for the magnetic fields AlS"HS®, Ajs°HYS,
Bis’HY and the electric fields A}s’EY, Ajs’ET, Bis'Ef as is shown in Figure 5. Then the required conditions are
reduced to the following two equations,

1
- V7KL (A%s-Bls) = VR Al
1

1 A;
%, (Als+Bis) = _f ‘
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From these, we obtain
Bo e m"‘v V’+k; AO
3. T e 18
Vvirkin /i ki

) kz 2V V"{'Rl Ao
Azs = T B 18
SRVAVXS TERVVRN 3

OSOH:E

m

-——_— — —— -— -— - . - -—
Ao opp2¢ (] ae 0 o g2! Bo oH:i
28 S T T 2s - 2T T
q L -—— _—
FIGURE 6. Procedure of successive approxi- Ao.: ;. A:TO":,.

mation (the second stage).

Splitting of the first type field at the tilted boundary (II-III) is illustrated in Figure 6. As a matter of course,
each component of the total field expressed in the tilted coordinates (A3s"Hs® + AjpHq") should be identical with that
20 0=

of the incident field (A}s"H:®). Thus the following relations should be satisfied.
A0 o0-2¢ re.y O‘IJ 0 0..2¢
A;s Hg” + Ayy Hy |x =|Azs Hs |4

y - [Ags"ll’;] 4,080 + [A';s"ll’s’],sino

20 052¢ 20 o072e
[Azs Hs" + A,r Hy

i - re o [ s 0 0
[A‘,’s"ll;’ + A BY ). —[A,s°||§° ,siné +[A,s erf],cose

These are written explicitly as follows,

= T U PR Py Asy o,
[A:s K, (ip)r’+ A:'r q ] "/':e = il:s [—EWV’+E§] lﬁ:e
2 2

(4]
Als —.1 (iq”) r’ - A%r (ip) | Y32e = 1.\’5 liq- r’+ p?sin@] y;.
ik, ik,
290 i ,2,40 Ags . ., 2 0] o
Ajs o v 'Pie = 722 [ (~iq)(iq”) + pcosb ] ¢,,
ik, ik,

In the same way we have the following equations for the electric field,

[xzs Eiq’- Rix TF (ip-r’)] Yie = Als —z’f(itﬂ Yie

2 Y

[K:s o (ip) - K3y 2F (iq’-rf)] Ve
2

0o Wy . (]
k; A,s —k: (—ID cosa) 'pze

SRS OB a0 Al 2K (ip sind) ys.
k2 k,
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These give the following relationship between Alg, A and A%

A° (-iq) iq’ + p?cosé
28

n

o
=3 Ajs
v

- .. ip sin@
Alr = By Ajs
v

Then the boundary conditions can be written as follows,

lp[_{Az r' = V+k2D+B VV’,""kz}"' Assvv +k’]+zq [Az'r e_'V+k’D+B T—AJT]— 0
ip [——{A,sr e VVi+kip go \/u"+k’¥+—A,s\/v"+k’]-zp[A VV’+E3D+§:T—K:T]= 0

e
R—{A,"s e Vvi+kin mo_ }—EI—A,S=O
2

for the magnetic field; and
] Al 1 = - ’ = ’,
iop(iq )[ﬁ_{ Rse® v"2'”‘31’+B }-—A,S]Hmp(zp)[ {A,Tr g=V Y +E1D+B Vv 2+l!.’l+k12 AsrVr '+k2]l =0
2 3

iwp(-ip) [;%—l Ajge VYV +kj DB }——.—A,S]Hmu(tu ’)[-—-—{ Aoy 18"V *+kio, g° * eV k3 l+k,A,T\/v k1] =
2

for the electric field.

Since p and q’ vary independently, the above equations can be separated and simplified as follows,

[A sr7 e VVHKID L BO 7Tk = -kl ASsVv +ki

- i 1 =
LiAs, Vo L By, )- LA,
2

i —~JUIK? P -0
Ay e VY b L B,r = Asr

o= = feATES . k2 i
A%, 17 e VVHEID L B 7Tk = - 2 KbV ki

2 2

i

The separation of the equations shown above indicates that the first (S) and the second (T) type field should satisfy
the boundary conditions independently.

Solving these, we have

o __ 1+ Vv K3 e—VVi+kiD 3
Vv ki + Vo ekl

’,2 2
o ks rT-Wv +k3 e—VVi+kip Al

&, Vv ki + Vv ekl
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2
'+ —t—: Vv ki
3

= v? =1
By =- e +RaD Ay

2

s t’— o ek e—VV*K3D Al
k3 -
Vv 3+K} +—é\/v +k3

When the reflected energy of the f_irst type field (Bs"H%) arrives at the ground surface (I-II), it will be split
into the two types Bjs’Hs' and B3;°HY. Then a part of the energy will be transmitted into the air in the forms of

Big'HY and Bi,'HY, and the other part of the energy will be reflected back intothe earth as Aig'Hs%, Ajy'HY (Figure 7).

B.'H, B.H,

g BuH, BLHY ALHY  AGHY

FIGURE 7. Procedure of successive approxi- Boo 2 _ooﬁzi
mation (the third stage). 2S5 s BZ'T T

In this case, the split of the field may be formulated as follows,

R

o | yior =0 . :
Rt [B3si(-ia”) (iq,) + p2cos6} + B3y ik, (~ip) sinf]
1

Byr = 71,- [Bjs ik, (~ip sind) + By { (~iq ") - (iq,) + p*cosf }]
1

And the boundary conditions at z = 0 are written,

a) for the first type field,

1 = 1
E‘[Bgshe 1P — AlsVvivk] “X
2 1

Bl e + A3 1= By

2 kl

b) for the second type field,
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Thus we obtain

I, — Vvl k -
Ajs = 1- VYt -mo B3s

Vvi+ki+\vi+ki

By kK, r,+\vi+ki
ks T K+ VoI Y

o
-
w

I

e7T1P Bl

k2
> —T(—’ Vit ki .

z
Ajir = - e TiP B,r

k2
Vvi+ k;+—k—;\/v§+ ki

I, +Vvi+ ki —I,D 0
Bir e 1P Biy

k2
Vvi+Ki+ l?;—\/v’ﬁ k3

Repeating the same procedures between the two boundaries, we can calulate the coefficients Blg, AL, Ay ET,
Bls, Bir, Als, Alr, Bls, Bir (= 1,2, 3, ....) sucessively.

These solutions are summarized as follows:

2 - 2 2
By Al RNV Kogne : ]
Vv +ki+viv?+ki
y (4.3.1)
k 2Vvi+
Als =1 L Al
CRVIZ RS TERVOZES 3
Ajs = ‘Vl,z [ (-iq)(iq")+pcosf ] Ajs )
> (4.3.2)
K:T = Vl,,k,(ip) siné A:s ]
§o - t’+VV’!+ kg e-mn K‘;S 3\
28 T 7
VT ki+yv 2+ Kk
Ko _ k, r'+vu'i+k§ e_‘/y§+k2§D K:S
38 T T
k, \/V"+k§+\/v”+k§
k§ 2
r’+—24yv  +Kki ] -4 L (4.3.3)
Byr = - 3 e~VvI+KiD Ayt
2
\/v"+k§+—k—’\/v"+k’,
k3
=g r’_‘/y'l.'.kg —ml) Ko
Agr = - Kz € 2T
‘ﬂ’2+k;+ﬁ Vv i+ki3 )
3
Bjs = 71, [ Bs{(~iq”)(iq,) + p?cosb } +Byy (ik,) (~ip) sinf ]
1 (4.3.4)
Bir = ;1,—[ BYs (ik,) (~ip sinf) + B3y { (~iq’) (iq,) + p?cosf} ]
1
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n - Vvitk e~TiD g°
28

Vit ki+\vi+k] }

kl l'1+VVi+ E; e_rlD Bo
k 28
1\ VivKi+\viv k]

f;+VV;+E3 e-—r1D BO
2T

]

kz
\/vi+k%+k—;w§+ki ,  (4.3.5)
3
r,—ﬁ vi+ ki % g
it A  Roiio Bt
2

= 1 _nu : 4 -
Ajs = ‘;—,T[ Alg{(~iq)) (iq,) + p* cosf}+ ALy (ik,) (ip) sinf ] h
1
(4.3.6)
A 1 W - st
Air = ;» [ Ajs(ik,) (ip) sin@+ A}y { (~iq)) (iq,) + p?cosé} ]
L ri+yVvi 4k} e..,/,,i,‘.kgnxgs
Vi ke Vi

k r+yvi kg e—VVi+KiD A

k, \/v{’+k§+ \/v,"+ k3

k2
,;+l_‘%m ? (4.3.7)

3

2
\ﬁ,”+k§+3—’ viliki

k3
. eVvite g e—VVI+EID Air
2
v{’+k§+%\/v{'+k§
3
7
Bis = v—l, [ Bis! (~iq)) (iq,) + p*cos@ } + Biy (ik,) (~ip) sind ]
2

(4.3.8)

[ Big (ik,) (~ip sin6) + Biy { (-iq;) (iq,) + p*cosd} ]

e
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Bis =':‘? Lt VVIYK]  -ro Bis
3 \/Va+k’+\/v,+T
Alg = I, - Vivi+ki e—TaD Big
T E+ VPIT I
I,+Vviv Kk} .,
Bip = 2 kzz 2 e~ 12D Bir b S
VV§+Ei+‘k—;\/v’,+E§
k3
I k? Vat+Ki
Alr = ! e~ T:D g1
2
V§+k§+k:\/v§+ k:
i
_____:__ J
Kis = ,:[ Azs{ (-iq )(;q )+ p? COSB§+A o (lkz)("p) sind ]
l
Al 1 (4.3.10)
Az‘r = vr![ Azs(lka)(lp) Sln0+A T{(—lq )(lq )+p3c056}]
l
Eﬁs o '1 +\/Vl +ki emp Kis

f, +k3 ""/”l +ki

Al - _ ks —Vyi+ki  /i3FKdD il
Tk \/v"+k’+\/v"+k§

Em : : (4.3.11)

i 2 -1
Bﬁ-r = e~Vvi+kip v ol
\/v +k3 +—— ;’+k=
ri ’ ot
f Aly = = —\/vl’+k= e~VVitkip gl
i k’+—-—\/v +k3
t

1
Bs =

[ Bisl(~ia)) ia,, )+ p?cosf}+Bly (ik,) (-ip) sind ]
Viea

| \ (4.3.12)

BgT = V: [ ﬁgs (ikz) (“ip) Sine +.§£T { (—iq l’)(iq 1+ l)+ p’ cose ! ]
I+
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-~
+
[

=

Vv i vk2
A il e Visat K2 e T14,P Bis

ERVORAE 3 E VI 31

o
-
w
I
o

-\Vv i +Ki =
At o T T V¥R TP Bl
Vv i, tRi+Vy L+ kR

Jina 3
B,l;l e Tpaat vl+1+k’ e T+:P Bg.r

kl
Vv, + k§+iz-\/vlix+ k3

I ——g—\/u= +Kj
141 41 k2 1+2

Al e T+ B,

k!
VR RV,

4—4. The second type field as an external freld

Y (4.3.13)

Following a successive procedure similar to that in the previous sub-section, we can solve the problem when

the second type field is incident to such an underground structure as shown in Figure 3. Even in this case, the solu-
tions obtained in the previous section hold true except for the equations (4.3.1) and (4.3.2), which should be replaced

by the following,

2
\/V’+k§+%\/lf’+k§
2

o o

B,r = K2 Ax‘l‘
\/v’+k§+k—:\/v’+k§
2
2 \Vvi+ ki
Alr = : Alr

2
Vv +ki +%\/v’ +k3
2

Al =—3; [ ik, ip) sing ] Al

Atr = —5rl-ia) i)+ prcosd 1 Al

4-5. Both types of fields as external fields

}  (4.4.1)

\ (4.4.2)

Repetition of the above procedure enables us to solve the problem when both the first and the second type fields

are considered together as the external applied field. Almost all the solutions take exactly the same forms as are
listed in the section 4-3. The only difference is that the first two solutions (4.3.1) and (4.3.2) should be replaced by

the following.

I k, 2Vv+kl o0
Ags — k_ 18
LRVAZRS TERVOZES 3

B Vvi+ki - V2 +ki A°
S 18
¥ VATE+ VR

, (4.3.1)~
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k2
2 Vvi+ki - —k—;\/v‘+k§
Bir = Alr

k?
vit+ ,+k—\/yz_+k§
2

(4.5.1)
gT = Vv g AgT
2
S
-, 1 ¢
Ajs =77[Ags {(-iq) (ia ) +p2cosf }+ Alt (ik,) (ip) sind]
(3.5.2)

»|

i = vl" [ A2s (ik,) (ip) sinf+ A2t { (-iq) (ig *) + p2cosf }]

4-6. Electromagnetic field at the surface of the ground

The magnetic field and the electric field in the region (I) can be approximated by an infinite series as follows,

Als°HE® + Bis’HY + Bis'H§ + Bip'HY 4.
(4.6.1)
= AS°EY + BIs’E¥ + BIs’E¥ + Bir'E¥ + ...

=
1

Substituting the equation (4.2.1) into the above, we have

A; Y y Bis | ; .
H =228 | —ipyviek] | Yl + S Bis ipVvTE] | ¥5; + 0 | ipVvIvE] 1o+ Ble | 16 | ¥4
1
-iqyvik? iay/vitki iqVvitki ~ip

v? v? i vi 0
o o
3 B F B} ; Bir . g
E=-Baop| g lyle-2Rop | ia [Yhu-2op | i Ui+ S5 dopf ipVvRRT | g+
1 1 1

k,
—ip —ip —-ip iq,\/vitki

0 0 0 vi

Since the coefficients Bjg, Big, ..:, Bip, B2r ... are calculated in the section 4-3 and x/:,( patz= 0 is easily
obtained from the equation (4.2.2), we can calculate the magnetic field and the electric field at the ground surface
from the above equations. However, the coefficients B,(s r) are expressed in such complicated forms that it is not an
easy matter to see the general behaviour of the electromagnetic field without making numerical calculations. The
results of numerical calculations using an electronic computer are shown in a later section. In this section, only a
few special cases, which are tractable in an approximate way, are discussed.

Case: k§ k;. V2>>k§0 kg; k§>>k§, k §

This is a case in which the second layer (II) is identical with the poorly conducting first layer (I). Then all the
energy of the electromagnetic field, whether it be the field incident from outside the earth or the field reflected from
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the tilted boundary, will be transmitted perfectly through the interface (I-II). Consequently, on employing the succes-
sive approximation presented in a previous section, we have only to consider the first reflection at the tilted boundary
(I1-I1I).
Ignoring ki, k3, compared with 12, the coefficients of (4.3.1) to (4.3.5) are simplified as follows,
Bis = 0
; (4.6.3)
A:S =] A‘;S
7o 1 » — i
Als =—(q-a”+ p*coshA;s
y (4.6.4)
Ajr = ——5k,p sinf R:s
L o
Bls = ¢lv k,)e VVHEIDEY | 4(v k) _vVr kg
I
v /v k3 L (4.6.5)
Bir = e VVWERRY, ‘
P
i 1| &
B3s = -V—fl(q “.q,+p2c0s0)Bos+ik(~ip)sind Bir]
1
» (4.6.6)
1 L = =
Bir =—liki(-ip)sin6Bis+(q .q,+pc0s0)B3 1]
1
Ajg =0 1
L (4.6.7)
Ar =0
o
Bis = e T1PBYg .1
y (4.6.8)
Bir = e-r"DB:T
Since v*>>k32, k2, we have the following relationships between the wave numbers,
3
v’ = v cosf + iq sinf
vy = v c0s26 + iq sin26
5 ) (4.6.9)~
q” = q cos@ + iv sin@
q, = q cos20 + iv sin28
7
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Therefore the equations (4.6.4) to (4.6.8) can be rewritten as follows, )

20 v o
Azs = ';TAxs

i k,p sin@
Air = - 2200 A4

v
Bls - 6 0 k) VIR L 1
B . _ kqp sing e—VVHKiD A%

vl2

(4.6.10)

B:S = ¢ (v % ks) e—sz+k§D LA(:s

Vy

Byt = X3P shad e~VVHKID [—:7}- v %ks) + 1] Als
1

viev,
Bis = ¢ (v”, ky) e~trV/vi+kilo Vi Als
1
Bir = _Xab S100 o —{ru+v/uHEilo [-Z ¢(v'ks) + 1] Als
V"V; Vi
~ Substituting these in the equation (4.6.2) and putting z = 0, y = 0, we have the following equations for the electro-
magnetic field at the ground surface (I-II).
f ¥
| He = - 22 (=g, k) e VeID] A
1
H, = -S40 k)eVr)P] A
k, q
H, = 2 14240 k) e~ W)P] Al ) (4.6.11)
. ik, v
, = .p*singd _ v ’
E. = -3 G (143 J b wiki)e Wir)o j REED e-vaido i Y g k) Als
|
’, - . Cl Sine - v ’ o
Ey = SLGp) 1+ b ke (ww)v_,__ly, e (Vl"'V)D{l—l-ZQS(V ko)1l Ads

/
' When o, is large (ki>>v’?), we have approximately ¢ (v°, ks)=-1. Provided that @ is small, trigonometric functions
can be approximated by power series of 6. Then, ignoring terms higher than 6s, we can rewrite the above equations as

| \ follows,

Hy = ‘%V‘[He"(”l“’)”] Als
1
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6(1-22] als

H, = _%[1+{1-292+i2%0(1-40=)le“(”1+")°] Als
1
He = 22 [1_e~Wer)Py g 921 -3 02}~ vit)D_; Logpy _ 360, 4 g4} e—(it)D] 4o,
ik, ..
B -.‘f’r:‘.iqh —e~wi)p] a0
Ey = (_ok_u Gip) 1 —e‘("1+”)°+20’e‘("‘+")°] Als
1
When vD>> 1, and neglecting terms of the order of ° and vD-&*, we have
¥, = __zﬁ‘.’l’ [1-vD-iqdD] Als
8
2qv .V
Hy=—- : [1—VD+lq
2
o, - Zkv [L9(1-vD) + i(wD+62)]1 Als
1 14
E, - - 222 (iq) [vD +ia6D ] A%
1
B i

¥

When vD>>6*>> 1, the above equations become

Hy

o
N
Il

=
P
]

«
[}

|

=)
®

2
-._[)'_’A‘;s
1

o (ip) [vD + 6*+ia0D ] Als
3

2qv .V 0
——kl [1 +1 q 0] A;s

84D gri
=l 001+

2
k

201 (;p) 02 1
1

1 +i%0
iopD

LA
+zq0

ot Q
a 0] Als

©8 (;a)vD[1 +i—‘:—0] Als
1

+ig-;l] Als

> (4.6.12)
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From these,. we may conc_lude that (i) the horizontal components of the magnetic field (H,, H,) are made twice as large
as the applied extemal. field by the existence of a highly conducting layer dipping with a small angle; (ii) the ratio of
H, to !-I, ‘always remains constant (H,/H,=0) irrespective of H,, or of the orientation of the horizontal vector of the
magnetic field; this indicates that the magnetic variation vectors are confined on a plane parallel to the tilted bound-
ary; (iii) the ratio of E, to E,. is of the order of 6*/uvD; consequently the variation of the electric field at the ground
surface is expected to be polarized linearly in the y-direction; (iv) E,/H, is equivalent to that of the horizontal case
1+ i% 0 i
(3.21) except for a correction factor ____~ | whereas E,/H, is essentially different from (3.21) due to the effect of
1+i20
q
the dipping boundary.
On the other hand, when 1>>vD>> 6, we have the following equations in place of (4.6.12).

3
Hy = -2 [1_,p] A%
1
2
H, = -2 [1-vD] Al
2
H, = —i i” vD Als | (4.6.13)
3
Ey = - 22 (j0) . 1D
1
2ou .,
| O ku(zp)-vD
1

Therefore if we take the ratio of H, to either H, or H,, we have

H: v vD
{HX1 Hy} ~ {pn Q} l_VD

> (4-6-14)

L.

This is equivalent to the equation (3.22) obtained in the case of horizontally stratified structure. In a similar way we

have
1

Ey _ iwuD
H, 1-uD
) (4.6.15)
Ey,  iouD
H, 1-vD

r

This is also the same as the equation (3.21), and no preferred direction of the telluric field variation is obtained in this
case,

5. Numerical Calculation

5-~1. Process of numerical calculation

Since it is not possible to obtain analytically simple expressions for many cases of interest, the problem was
solved numerically on a CDC 3400 electronic computer, at the University of Montreal, for a few specific earth models
in which the first type field is applied from outside the earth.
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The program was arranged so as to follow the iterative process decribed in section 4. In the first place, Bis,
Ajs and then A,s, ,T were computed from the equations (4.3.1), (4.3.2). The complex coefficients A,s Ajr were used
to calculate Bjg, B,T, K‘;s and Ajr following the process shown in the equations (4.3.3). Then Bjg and B}y were
transformed into Bjg and B3y by (4.3.4). From these, B,s, Bx-r and Ajg, A}y in (4.3.5) were obtained in complex forms.
Substituting Alg, Aip into (4.3.6), we could compute Alg, Al.. Then repeating the same procedure, Big, Bi,,.., st,
Bf-r were computed.

On the other hand, the magnetic field and the electric field at y = 0, z = 0 are expressed, in the case when
k<< 1, as follows,

o9
. l‘:l:Als[ 1+ 3 AHL
H, =l‘:'l’ lsl-1+ % AH]
i 2
H, - -F-ak(1+ £ Anll
. 0
E, =228 0 Bis , § AE!
x k1 18 [1 X A:S + lzo AEX]
E _ _ iopp A° B,s $ AE!]
4 k, is
where  AH! - Vi Bis
v Als
AH! _ Y191 Bis
Y 2 Al
1 _vi*Bls
AR} e livs
A:S
AE! _ﬂst+_ Bir
S WL RS T §

AEL - Bis i  Bir
Als P

Every time B;s and B, were obtained, AH, ,y,z and AE ,y were computed The above procedure of obtaining B‘s and
B!; was repeated until the terms AH!} ,y,z and AE,I‘ o™ became less than 10~".

The program for the tilted boundary was shown to be working properly by making computer calculations for a few
special cases, where the solutions were obtainable analytically, such as the case when 6 = 0° or the case discussed
in the following section. .

5-2, Results of numerical calculation —

Table I gives values of the essential parameters for three models — A, B and C. The amplitude and phase rela-
tionships of the magnetic and electric ratios and their dependence on source field wave length, angles of tilt and
period, are discussed in this section.
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Table I
0, emu 03 emu (7ad D km k,*/k,’
Model A 10—-*° 10~ 10 10 1
Model B 10-** 10-* 10 10 10-*°
Model C 10-* 10-** 10 10 10->*

a) Anisotropic behaviour of the electric field.

a—i) Model A with v = 10~ cm™

This model is a tilted conductor underlying a highly resistive layer. Hodograms of the magnetic and electric
horizontal vectors for variable p or q (4* = p? + @2) and T = 100 sec are given in Figure 8. It is seen that the electric
vector is strongly polarized for the majority of the magnetic source orientations.
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FIGURE 8. Variations in the horizontal components of the magnetic and the electric field in the case where v=10" ecm™, T =
100 sec, ki/ki = 1, 0, = 10~*’emu, 0, = 10~ "emu, 6 = 10°, D = 10 km.

The ratios H,/H,, H,/H,, E,/E, are given in Table II for p = q = 0.7071 x 107" cm™" and for the period§ 107,
104, and 10° sec. The electric ratio is always large throughout this period range indicating strong polarization in the
y—direction, although this effect decreases somewhat (one order of magnitude) with increasing period. In contrast, for
the same source orientation the ratios H,/H,, H,/H, remain nearly constant in this period range and are equivalent
to the angle of tilt of the plane. However, on changing the orientation (ie p or q) of the magnetic source vector, the
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ratio H,/Hy, varies in amplitude and in phase (not illustrated), while H./H, remains constant (H,/Hy= .176 = tan

10%.

Table II

Hz/Hx’ Hz/Hy' and Ey/Ex for 6=10°, v= lo_mcm-‘; P=q, 0;= lo-”em“’ gy = 10"“emu, k2=k,?.

T = 10? sec T = 10* sec T = 10° sec
Ampl. Phase Ampl. Phase Ampl. Phase
H,/H, 0.176 0.0781x~ 0.177 0.07877 0.177 0.0800~
H./H, 0.176 0.0003~ 0.177 0.00097 0.178 0.00237
E,/E, 2363 -0.984~ 69.0 -0.874~ 25.8 ~0.8527

The above results can be deduced from equations (4.6.12) for the particular combination of parameters vD <<6?
<< 1. It is concluded that, for this case, the magnetic field varies on a plane parallel to the tilted boundary and that
the variation in the electric field is almost entirely in the y—direction.

a—ii) Model B with v = 10~ cm™

This is the case where a poorly conducting layer overlies the dipping conductor. Figure 9 shows the variation in
the horizontal component of the electric field together with the magnetic variation vector on the horizontal plane.
Although an anisotropic tendency is still noticeable tending to confine the electric variation in the x-direction, the
polarization is not as remarkable as in the previous case.
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FIGURE 9. Var’iations in the horizontal components of the magnetic and the electric field in the case where v= 10" cm™, T = 500
sec, ki/ki=10"", 0, = 10*°emy, 0y = 10~""emu, O = 10° D = 10 km.
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When the magnetic vector rotates as in Figure 9, H,/H, varies from 0.17 to 1.3. It follows that the magnetic
variation is not confined to a plane in this case.

Consequently it is clear that the existence of a poor conductor over the dipping conductor leads to differences
in the magnetic and electric variations when compared with the case in which the atmosphere is in direct contact with
the tilted conductor.

b) Magnetic component ratios

H H
2z P o= % were calculated for Model B with v = 10~ cm'l, p=q=0.7071x 10~ cm"l, and are shown in

Hi. ¥ Hy
Figure 10 together with similar curves for the horizontal structure. Slight differences between the curves for.H_i 2 can
be seen for shorter periods only. H, v

In Figure 11, the ratios are shown for model C in which the good conductor overlies a poorly conducting tilted

material. The parameters chosen were 6 = 10°, o, = 10~ uemu, o3 = 10‘“emu, v=10" cm“, p= q,%: 10~". The
2

figure indicates that the magnetic variation loses its anisotropic property when the dipping boundary is placed at a

depth of 100 km.
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When the angle of tilt 6 is changed from 0° to 20° the ratio g—’ . %changes as is shown in Figure 12. It is evident

y

that tilting the boundary causes the ratio to increase above its value for the horizontally stratified model. Phase

differences ofi 3 H, are given in Figure 13.
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emu, Oy = 10~ 'emu, k2/k) = 10~*°, D = 10 km.
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FIGURE 13. Phase difference of Bz, Hz for
H, H,

V.= lO"cm"", P=q o, = IO‘“emu, Oy = 1

emu, ki/k3 = 10~*°, D = 10 km. Broken lines,

H_’. Solid lines, &.

H, H,

For the shorter periods % . %also increases as the

y

c) Magnetotelluric relationship

depth to the conductor increases, as shown in Figure 14. The
deeper the conductor, the less discernible any difference
becomes between models of the tilted boundary and hori-
zontal structure. When the depth is 10 km, the ratio for the
tilted case for the period of 100 sec is 1.5 times as large
as that of the horizontal case, whereas there is no signi-
ficant difference between two models for the depth of 100

The ratios of the electric field to the magnetic field

y x
5.0+

|Hzl q

IHd Vv

variation, % and El, are plotted against period for three

0.05} |
0.0l : : ; ' i !
1O v - Yo o o
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FIGURE 14. Variation of |Hzl . 4 with depth
Hy v

in the case where Vv = lO"cm_lr p= qs.o, =

10%mu, 0y = 10~'emu, ki/ki = 10~ and

0 = 0° 10° Broken lines are for 0 = 0° solid

lines for 6 = 10°
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angles of tilt in Figures 15 and 16 for the model B (v= 10~ cm“, p = q). For periods less than 10° seconds, it is seen

Es. :
that _ﬁy is markedly influenced (a factor of two at T = 1000 sec) by an increase in tilt angle from 6 = 0° to 6 = 20°,

x
whereas E,/H, is relatively independent of tilt.

1(55 1 1 15 ne J7
ok Lol | T T AR
T (sec)

FIGURE 15. |E and |E,| for v=10—cm=, p=q, 0 = 10" emu, g5 = 10~** emu,
Hy| R

E E
ki/k3 = 10~*°, @ = 10°, D = 10 km. Broken lines represent i’.' , solid lines H_" .
x y

E
Dotted lines %, 5’ for @ = 0°%
y Hx
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Phase differences of these ratios are given in Figure 17. Large departures (for T <104 sec) from the horizontal
case are indicated.

One can deduce that these ratios characterize the angle of tilt of the inclined boundary for model B.

d) The influence of the poorly conducting top layer on the telluric field

In model A tlhe top layer (II) is identical with the atmosphere (I), whereas in model B, (II) is a poor conductor
in which o, = 10T emu. Actually there is no boundary existing between the (I) and (II) layers in model A. Numerical
calculations were made for these two different models. Any differences in the amplitude ratios (see Figure 18) and
phase differences of H,/H, and H,/H, were less than 10, However, the magnetotelluric relationships, E,/H,
and E;/H,, become different for short period variations as shown in Figure 19 and Figure 20. Anisotropic variation
is rather conspicuous for the model B in this case. Consequently it may be concluded thatthe telluric variation is
more sensitive to the change in conductivities between the model A and model B, although these two models are nearly
identical so far as the magnetic variation is concemed. This result would be expected physically.
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6. Conclusions

The tilted boundary problem is essentially different from that of the horizontally stratified structure in the
generation and coupling of the first and the second type field within the region bounded by the horizontal ground
surface and the inclined boundary. The effect of the second type field is more serious on the electric field than on
the magnetic field. It contributes to produce an anisotropic variation in the electric field.

A tilt of a highly conducting layer underlying an insulator or a poor conductor (model A and B) tends to confine
the magnetic variation to a plane parallel to the inclined boundary itself. This has the effect of increasing the vertical
component compared with the case of the horizontal conductor situated at the same depth. Such an increase becomes
unrecognizable when the conductor is buried as deeply as 100 km under the ground for the model B (6 = 10°).

In a special case (model A) when the second layer (II) is identical with the atmosphere (I), (or a tilted conductor
is exposed to the air), a strong confinement of the electric field in the y-direction was obtained. At the same time it
has been shown that the magnetic variation is confined to a plane parallel to the tilted boundary. However the rela-
tionship between the limited direction of the electric field and the magnetic variation plane does not accord with the
results of observations (Yokoyama 1961, 1962; Whitham and Andersen 1965).

When the second layer was replaced by a poorly conducting material (eg o, = 10""emu), the strong polarization
of the electric field vanished, although there was still a noticeable anisotropic variation. This suggests that, however
small the conductivity may be, the existence of a poor conductor different from the atmosphere, has some influence on
the electromagnetic variation, and especially on the electric variation at the ground surface. This may be due to the
large contrast of the parameter k between the atmosphere and the poor conductor (i. e. between k, and k,) which tends
to confine the second type field energy within the poorly conducting region (II).

The present theory, so long as the discussion is limited to a small angle of tilt (tanf< 9 ), does not sucess-
Vii+ki
fully explain the observed strong polarization of the telluric field in connection with certain anomalous magnetic field
variations, (eg Alert, N.W.T.) although some degree of anisotropy in the electric and the magnetic field has been
theoretically obtained.
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