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ANALYTICAL EXPRESSIONE FOR THE ERRORS INTRODUCED

BY AN OFF-LEVEL ADJUSTMENT OF A THEODOLITE USED l.
IN THE DETERMINATION OF MAGNETIC DECLINATION

AND INCLINATION

One of the major contributing factors to errors in the
meassurement of declination and inclination of the magnetic
field veactor is imprecise levelling of the theodolite. This
=tudy develops the analytical expressions for the apparent
declination and inclination in terme of the amount of tilt
applisd to the theodelite

We will consider a reference frame (1.J.,K) fized in geographic
terms. with the K axis vertical {Fig 1) Since the arimuth
reference is the fixed meridian that is set initially in
pperating the D & I theodelite, we will define this plane to

contain the I 3xis. Whether or not the instrument is level, this
verticael plane will remain fized It will define scele zero for
‘harizontal’ angles. D is determined in the true horizontal

plane:, rvelstive to the vertical plane ceontaining I and K.

rument iz tilted. © and ¢ define the tilt of the
vertical’ instrument axisz)., and Y defines the rotation
bout the k—axis to bring the instrument i-sxis back to the
ference plene containing the I-axis.

Iﬂ
- r'f

tion cosines of {1, 3, k) instrument axes, relative to

magnetic field vector F have direction cosines {(l.m:n)
2 to {(1..0RK) The plane perpendicular to F through
igin O will be detected By & null in the fluxgate

The intersection of this plane with the plane
dicuilar %o the k-axis of the theodelite defines the
sriel Bo the “apparent HY. dencted by HY
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The ditection of the intercectian, H' . is
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The angle between this direction H’, and the i-axis (which lies
in the reference meridian plane) leads to the apparent
declination D’ in the tilted frame.

The direction cosines of the i—axis velative to (I,J,K) are
(Synge and Griffith, 1959, p.261)

(—sin @ sing tcosBcosPess ¥, C—°$¢$‘°~¢+C°‘95;*¢°"¢, - 5"’"9‘"‘0)
er C'\')/“I/"’)

So, the angle between H’ and the i-axis, in the tilted frame.
is given by

Cos D_,l_ = A (’"“)3 “"/‘*3) + M (‘ﬂz '1"3) + v, (1/‘3 “'m)q)
J():’ +/u‘1 'l"l),z) (C‘h\o;-—n/‘l;)t + (‘v\.x; "293)1‘? &ﬂ_z—"‘-);)l

This is the angle read off the ‘horizontal’ circle relative to
the azimuth reference rTeading.

The theodolite head will then be rotated by 90° about the
k—axis, intending to place the fluxgate sensor in the
magnetic meridian for the I measurement. In general, however,
this new direction, H’, will not be in the magnetic meridian,
only the apparent meridian.

The direction of H’y is known above. We have set the
instrument sensor in the plane perpendicular to HY .
This plane is given by

(mﬂ; -1\./‘1)36 + C’V\. )\3 "193))' t (1/,(3—%\3)2 = O
The intersection of this plane with the plane perpendicular fo
F gives a direction in the apparent magnetic meridian and
perpendicular to the vector F. This direction will be detected

by a fluxgate null. The direction of this line comes from the
direction cosines of F and of the plane above as

{[m (l,u; - mk;) -n ('nX: - lﬁ’;)}, ['Y" (m 03 """/“3) -4 (l,ua - w—)\s)}) ]}
[Llnds=49;) = m (w03 - n,u;)
i {“)L)‘}

The angle between this dircetion and the —k—axis gives I,
the apparent inclination on the ‘vertical’ circle.

The direction of the —k—axis is (-)3) —ph3 = 03)

So.



CoS I, = (1/.3-1»)3)1 + (l\’z —wkg)"-(— (.M,.p: ...,l/l3>z'
\/)\;t st evd [ at t T+t

Given a K-axis tilt defined by 6, ¢ > @s in 8ynge and Griffith
p. 259, we need to determine Y necessary to return the i-axis
into the I meridian.

In the spherical triangles, Fig. 2, we need to determine §="1r.

Ean o = Eanw
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Thus, given the angles &, ., defiing the tilt of the theodolite
k-axis, we can then determine Y . and thence the direction
cosines of the (i, j, k) axes relative to (I,J,K).

1 J K
3 (——So‘nﬁﬁ»% + cos O cos¢€o€¢) ( cos Psinp + cos 6$in¢m7) (-sin 9:05‘{?)
J (—s.‘n¢ sl - cos® cos f2ing)  (cos Pers - asésin{!‘si»@ (sine :,LV)

k. C Sin @ tos ¢) (Sn'h- 6 sin ¢) (cas 9)

The angle ¢ is the angle from the I-axis to the plane
containing the K and k axes.

The angle O is the angle from the K—axis to the k-axis.
It remains to express the relationship between the conventional

geomagnetic angles D and I and the direction cosines (l,m:n} of
the geomagnetic field F.

(f,m,n) = (Cosf&asfb , cos T sind Siv\.I)

oS 'DJ: = cos VY cos T sin(f- D) - SnY sinT sinf ~ cos 9;:’»‘/03Icos[¢-b)
cos*T (c::sle + Snt@.cint (¢-D» + Sint T sin2g

- QagI sinI cos @ sinB ces (¢—'D)

1

D' = D - 90°



Cos I’ = cos>* L/ cos*@ + si*6 fl'n2(¢-']>)> + sinJ sin0
~ 2 cosT sinT cos & SO cos [f—'D)

Thus it is possible to calculate the apparent declination and
apparent inclination measured by a flurxgate theodolite that
is off-level by & predefined amount. Given the limiting
sennsitivities of levelling bubbles, the limiting accuracy
obtainable from the instrument can be determined, assuming
that all other aspects of the instrument arve perfect.
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A WORKED EXAMPLE FOR SOUTHERN CANADA

The Jena 020A theodolite has level bubble sensitivity
of 30" per 2mm. in practice, the limitation is 15" levelling
accuracy, at best.

Consider then the example where the theodolite vertical
axis is tilted to the east by 0.25 ’ of arc., equivalent to the
above. Take the Ottawa situation as an example. At Ottawa.
the azimuth reference is essentially north, so that the maximum
effect is caused by an east or west tilt.

Then, ¢ = 90° For Dttawa, take D= —I5°
6 = o.as’ I=75°
W - _qoo H: ,7000»1’
¢"TD - Jos® F = §2000nT

CoS ])Jf = o5 Y cos I sin (F-D) — sinlf SInT $inB — cos @ Sin f cos T cos (f—D)
cos*T (cos20 + sint O sin?(f-3) + sint I sin2@
— RecosTI SinT cosO sinb cos (P”:D)

' = D -90° D= —14°58.7’
X = Heosd = 6420 X’ = HeosDd' = 16422 Se, AX = 2nT
= Heind = = 4400 Y = Hsid' = —4395  S., AY = £.T

/s I’ _ oS> T (cos™6 4 $1m20 sin? (?{—’D)) +sSmtI sin?f
— L cosTsinI cos & sin O cos [¢— 7’)
! 0 /
I = 74°591

2 = Fsinl = Sé023.7
A2 £ |xT

it

ZI FS;»» I, = 5—5023-4'



TO DETERMINE THE EXPRESSION FOR CORRECTING
I READINGS WHEN THE THEDDOLITE WAS NOT SET
IN THE TRUE MAGNETIC MERIDIAN

This is a common operator error.

1. Assume correct levelling.
2. Assume correct determination of nulls for the four D readings
and correct reading of scales.

3. FAULT - incorrect computation of mean D as D”’.
4. Assume correct setting of theodolite in INCORRECT mevidian

using the faulty D’.
5. Using the incorrect meridian, the four I’ readings are taken.
6. Assume these I’ readings are correctly nulled and correctly

read from the scales.
7. Assume that the mean of the four readings is corvrectly

calculated to determine I°.
Solution:

X ()
. '
Y () | |
v i
! \
Gy L F(hmn)
I 7 4 - ™
25(§> (Z,m,n,)
1. Define direction of magnetic field F as (l.m,n’
2. Define plane(l) perpendicular to F through O as
lx-n—-my +n=2 =0

3. The angle between plane(l} and the horizontal plane

gives (90 -~ I).
4. Horizontal plane(2) is z = Q.
9.

The angle between these two planes (1) and (2} is given
by -

Lo +m.0 +m. |
Cose =sin] = = ’TL

/1‘-‘-«‘" +n® ‘/[l+m"«m‘




This angle I is measured in the vertical plane perpendicular
to both planes (1) and (2), and is the true inclination I.

Now consider the fault to have occurred.

Define a new plane (3) parallel to the direction (1',m’, n’}
and to the z-axis (0,0.k), through 0.

o¢ 4 2 = 0
L/ ' "
0 v R

o m o¢ --1‘} = 0

This is then the faulty meridian.

The intersection of this plane (3) with plane (1),
perpendicular to F; will define a fluxgate null, for a
sensoT tapable only of rotating in plane (3).

Direction of intersection .of planes (1} and (3}

t.e. Lx + my tnmr = 0
mfx,-4e} « 0 =0

isg [ ml/,'nm/) —(fl/+mm,)]
Angle between this direction and —k axis gives 1°.

mm’ + 24

4/;\7-.[“ +altm’ s (Il'-f- mm')t

/
Ceos I =

S
"

cos T cosD .Z, = CoS I,US D
. /
cos I sinD m' = ¢cosT sin?D

. , /
sin I M/ = SNLI
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We know DY, I, and D from the readings by ths operator; we
need to find I.

Substituting in the equation #nvr coszl’, and expanding, we
obtain

"
Y
Q
17,
o
H

cos* T

Cos? (:D ——.D') + cos? I/ Sl.v\.."('.D—'.D()

1. So: the correct I value can be refrieved, under the stated

assumptions.
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