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A;~AL '('TI CAL EXPRESSIONS FOR TrlE ERRORS I NTr~ODUCED 
BV AN OFF-LEVEL ADJUSTMENT OF A THEODOLITE USED 
IN THE DETERMINATION OF MAGNETIC DECLINATION 

One c~ the rnaJGr contribu t in g f a ctor~ to errors in the 
me asurement of declination and 1n c linati0n of the magnetic 
field Jector is impr 2cis E l evelllng 0f the theodolite . This 
s tudy develop~ the a~alyt1cai e~presslo~~ for the apparent 
declin ation and inclinati on in t 2rms Gf the amount of tilt 
a p p l i = ·3 t: G -t: h E ·t. h f.' G G \! l l t fo· . 

We will c onsider a ref erenc e ~r a me (J.J,KJ fixed in geographic 
t e r m s , :;.: 1 t h t il e ~1, a x i s v e ,, t :i. c: a 1 ( F i g 1 ) . S i n c e t h e a z i mu t h 
refeTence is the fixed meri d 1an that 1s se t initially in 
operat~~g the D & T theodolite, we wi ll define this plane to 
::c•nt:.:: •. ~,-, the I axis . ~~ heth<:r- or "fi')t t:he ins trument i. ~:; level, this 
vert1(5l plane w1ll r e rnain t1xed It 
'h~r1z0ntal' angles. D is d eterm1ned 
p}G~~. relGt1ve t o the vertical pl an e 

w1ll define scale zero 
in the true horizontal 
c o n t a i n i n g I a n d ~\ . 

~,, r; ·: : '.: ~; '" l n s t ~' u i"G"' nt l '= t. l l t ·~ d . e "' n d </> d e r in e th e t 1 1 i:, 0 f th e 

for 

1. 

~: ~-= ·<:.-. <t1 ,c: '·_,·ert3.cal' inst rurrH:-n t: a .~ ic: J, and 1f def.ines the rotat.ion 
·;-"'U.:Jl'"'·=s ,::,(?c.ut: -;:.he •:--axi!:' to bT'in:.J the ins trument i --axis back to the 
·~~r~,c~· r~f2rence plane containing che 1-axis. 

,_.e.: \:O.-': '7l·-3~F1E·!:.1c fieJ.d v;::ctor F n,·,ve d:;.1~ec tion cosines (l,m,n) 
~e1~T1~~ t8 (J,J,KJ T~0 plane oerpendi c u lar ta F through 
·r h ~i:: o -~-· J :l ~ r1 CJ t1.? i l l b &? d t: t e: r: t r: d t. y !:1 n u ~- l i n t h 2 f 1 u x g a t.: e 

ln ters~ct1on of th1~ pla~~ wi th the pla ne 
t n -t 1-, e ~ -- .3 >' ·, s o -r t 1·, r~ ·t ~·, e ~:: :J c- I i t e d e f i n e s t h e 

~X -+ my + "'r\. 2 = Ô 

.>,3 X- + JAi y + ~3 ~ = 0 

T h i:: d 3. -:- e c t. 1. c- n c:. f t. h e 1 n t .~ ~·· ::= e :.:: t: ;t o ri , H i s 

I ) 



The angle between this direction H~ and the i-axis Cwhich lies 
in the reference meridian plane) leads to the apparent 
declination D' in the tilted frame. 

The direction cosines of the i-axis relative to CI,J,K> are 
(Synge and Griffith, 1959, p. 261) 

(-~ir..r/Jsi"'-tf -+-C.osfJc*s~c.s/f) C.r;Srls1· .... 1f+~~8si..._~~st/ 1 - Si,.._B~ f/) 
OY" (.>-.,) )J- 1 J v,) 

Sa, the angle between H' and the i-axis, in the tilted frame, 
is given by 

I 

C t>S I>.L. ::- ). , ( "frl.V3 - 'Yljl3) + /1 (n À3 -1 v3) + v, {1/"J - )'>'\. ~3) 

(>.I t. + )'11t.-tVI1..) ( L"fl'lV'J.- 1l,,U3 )1· + (.,.._ À3 -J..-v,J)\ (fJl'J-W'-~3) 1. 

This is the angle read off the ' horizontal ' circle relative to 
the a zimuth reference reading . 

The theodolite head will then be rotated by 90• about the 
k-axis. intending to place the fluxgate sensor in the 
magnetic meridian for the I measurement. In general, however. 
th i s ne w ci ire c t ion, H ', w i 1 1 no t b e in the magne t i c mer id i an, 
only the apparent meridian . 

The direction of H'~ is known above. We have set the 
instrument sensor in the plane p erpendi cular ta H~. 
This plane is given by 

(,,,,......:>J -ytA)x. + (_,..,.,_>-.l -1vl)y + (J._?3-'Y"'-~J)':t = 0 

The intersection of this plane with the plane perpendicular to 
F gives a direction in the apparent magnetic meridian and 
perpendicular to the vector F . This direction will be detected 
by a fluxgate null. The dir ection of this line cornes from the 
di r ection cosines of F and of the plane above as 

[c"'" u,.,, -~,,) _ ,, c ~ .,., -1-..,)1, c"' c ,,,_ v, -,,,!",) _ l c 1,.,, -,..;,) 1, 
[tl~>-1-lv1 ) - """{~v1 - Y1.j-L3)]j 

(]'{ {a.J\o,c} 
The angle between this dircetion and the -k-axis gives I', 
the apparent inclination on the 'vertical' circle . 

The direction of the -k-axis is 

So, 

:i. . 



C()$ I 
I {_lr-3 -,._..~;)i. + {L-v1 - 'l\->.l)-i. -t- ("fr\-v3 - n)'3y

! >-1 t. t /'-3 '2.. + v3 3 . J O.. L t b L.. + c l. 

'3 • 

Given a K-axis tilt defined by 
p. 259, lJ.le need to determine 1f' 
into the I meridian . 

t7 1 <f _, as in Synge and Griffith 
necessary to return the i-axis 

In the spherical triangles, Fig . 2, LtJe need to determine 'f= - tf 

ta,,,._ t..J - f;-(11.,y\.- !A.-

CtrS V 

tf:L-tl- ~ .: r "-"'- (1î/~ + ~) ,., fct- (~ + 71~) 
c. os e 

Thus , given the angles 8 1 ; , def~ing the tilt of the theodolite 
k-axis, we c an then determine ~ , and thence the direction 
c o s i n e s o f t h e ( i , J , k ) a x e s r e 1 a t i v e t o ( I , ,J , ~{. j . 

I J K 

(. (-sir... I ~i ... r -+ cos () '-05 ri ~If) (_ c.cs ~ri'"' fi' + ~s es;.-.. if;cnf) {-Si><- (h:()S IP) 

J {-s1·...._ p cr..~ - c.eç G c..s f ~ii--.tf) (cos ~ C"5 ~ - ~(:) Sii...f çi"-lf) (_ ~,·.._ ~ s,i...vj 

k. (_ St)\.(} l"S tj) ( s,·,,._ B s ,-... ~) {c.ose) 

Th e angle ~ is the angle from the I-axis to the plane 
cont aining the K and k axes. 

The angle 9 is the angle from the K-axis to the k-axis. 

It remains to express the relationship between the conventional 
geomagnetic angles D and I and the direction cosines (l,m,n> of 
the geomagnetic field F . 

I 
cos ])J.. 

= (Cos r c.os ~ ) Ct>S I Si"'-1> / si ...... I) 

cos 'If Ct•s I sii...(f-l>) - si ..... 'lfs,-1'\..Isi;..B- c.e1'>()s/,,._lfusicc$(f-'}) 

Cos'l.I {cos 1 (7 + s.·~ 1 (1 _ ,; ... 1..{rf-"D)) -+ S1"r. LI s/1:1.L..t; 

- 1 us r s ,- ..... r c." s e s ,· ..... e ~s ( ~ - 7>) 



I 

Cos I == Côs2- L (cos'e -+ si ... ?..e s; ... :z.{<j-"D)) + si..._ 7 J 5;.,..-i.e 

- 2. c..os r s"i~r c"s e s ,·,._e ~ ( t/ - "D) 

Thus it is possible to calculate the apparent declination and 
apparent inclination mea sur ed by a flu xgat e theodolite that 
is off-level by a predefined amount. Given the limiting 
sensitivities of levelling bubbles. the limit i ng accuracy 
obta1nabl e from the instrument can be determine d , assuming 
th a t all other a s pects of th e in s t ru ment are perfect. 

~L.l~ 

f·Œ F ER E!"<JC E 

SiJ T!f;! E .· J L and Grif fith, B. 1':,. 1959 Princ ip les of 
Mech anics (3rd ed . ), l'l c Graw-Hill Book Company , 
Lond o n , ~·52p . 
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t. 

,,:::__------- (A - -'7. y y' 

cos V = +~Il. c.~tw 

------



A WORKED EXAMPLE FOR SOUTHERN CANA DA 

The Jena 020A theodolite has level bubble sensitivity 
of 3 0" J:l f?·r 2mm. In practice, the limitation is 15" levelling 
accu r acy, at: bes t . 

Consider then the example where the theodolite vertical 
ax is is tilted to the east by O. 25 ' of arc, equivalent to the 
above . Take the Ottawa situation as an example. At Ottawa, 
the a zimuth reference is essentially north, so that the maximum 
ef f ect is caused by an east or west tilt . 

Th en, ~ ::. 'f Do For Ottauia, tal< e 7> ::: -1S'0 

& -:a o.~S' 
I l: 7.>() 

1f : - ~Oo H -:: /7~00 ...... -r 

cf; - ~ I OS' 
0 F ~ çg 000 ""'-r 

:;:. 

C..oS 1)~ -= cos 7/ c"s I s ;,,.. ( ~ -1>) - si ... If si~ I si;.. fJ - <:.1s (J S1.n. lf ~I Û)S { ~-1>) 

cos' r { Cos 2 ~ -t si.._.?. f? si~7..((J-~)) T si-... "l.. I SÎ;.."L@ 

;J.ecsI si ...... r c.n8 sï .... t; ces [~-"D) 

-p I = 14· 0 
s-g.7 

J 

x1 I )6421 So LJX :!::: H cos 1> =-
I 

X == H cos-:P ==- 1641-o 

y' I - +3q) So LJ Y :::: H s .- ... J> ::=. 
/ 

Y= li çir-.1> = - 4+oo 

I 

C.oS I cos 2 I {cos"!...@+ ~1·-...z.e ~ik.' (f-1>)) + Sik. '-.I SÎ>-.2.G> 

- 2 ~sr si~J ~s 8 si· ... [) c.s {tP- "}) 

r' = 74 0 .}tf . ~ I 

z =. Fsi,,.._ I ;;: S-60;23.7 

""" 

-::::: 

L:JZ. L I ').. T 
Fs; .... r' 2.1 : =. .>t O:l.3 · 4-

;;i. )\. T 

5..,,...-r 



TO DETERMINE THE EXPRESSION FOR CORRECTING 
I READINGS WHEN THE THEODOLITE WAS NOT SET 

IN THE TRUE MAGNETIC MERIDIAN 

This is a common operator error. 

1. Assume correct levelling. 
2. Assume correct determination of nulls for the four D readings 

and correct reading of scales . 
3. FAULT - incorrect computation of mean D as D'. 
4 . Assume correct setting of theodolite in INCORRECT meridian 

using the faulty D' . 
5. Using the incorrect meridian. the four I' readings are taken . 
6. Assume these I' readings are correctly nulled and correctly 

read from the scales. 
7. Assume that the mean of the four readings is correctly 

calculated to determine I ' . 

Solution : 

\ \ 
\ 

\ 
\ 

1. Define direction of magnetic field Fas (l,m,n) 

2 . Define plane(1) perpendicular to F t hrough 0 as 

lx.+ rt'-y + 7\~::. 0 

3. The angle between plane(l) and the horizontal plane 
gives (90 - U . 

4 . Horizontal plane(2) is z =O . 

5 . The angle between these two planes (1) and (2) is given 

b ·~ 

cos e = Sin I = 
f . o +'Yl\.O -t'Tl - 1 

j J' -f-,...'2.- +')1.2.. 

- J i 2. + m. '1. -t"Yl 1. 

8. 



This angle I is measured in the vertical plane perpendicuiar 
to both planes (1) and (2/, and is the true inclination I. 

6. Now consider the fault to have occurred. 

Define a new plane (3) parallel to the direction (l',m',n') 
and to the z-axis (0, O, k), through O. 

y 0 

l' I 
"'('I'\. 

0 0 

I 
- 1 r ::: 0 

This is then the faulty meridian. 

7. The intersection of this plane (3) with plane (1), 
perpendicular to F, will define a fluxgate null, for a 
sensor capable only of rotating in plane (3). 

8. Direction of intersection .of planes (1) arld (3) 

t. f. • 1..-x. + ..,,,._t ,... ')'\. ~ :: 0 

M
1 

X - .1 ( + 0 :. 0 

9 . Angle between this direction and -k axis gives I' . 

I 
Cos I -::: J 'Y\.?...l{t + ?\.2.'7't/'t + (l.1 '+ '°n'l"ttlJ~· 

J_ = c.os I ~os J) '-- ( .e {..qS r f C>S J> 
1 I / 

'W\. ::: ~sr s 1~ j) ~ ~ C#S I S 1'y... 'J) 

't\. ::: '1·"'- I ?'\. I :: . I' s ,,.,_ 

q. 



hie ~no1.1.i D ,., I ,., and D fr· orr, the re .::iding ·; b;~ the ope rator; we 
need to finci l. 

Subs titutirig ln the e•J_uat i.on f oo- cosl', and exp.anding, fJJe 

ab tain 

CôS:t f 
I 

cos'l. I 

1 0 . S o , t h e c .J r r e r t I va l u E:• c .::; n b e r e t .,-. i e v e d , u n d ~ r· t h e s t a t e ci 
""1SS.J!TIPt 1 0~1::. 

()2. )_. 

{O. 


