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THE DETERMINATION OF MASS ATTENUATION COEFFICIENTS
FOR TITANIUM, VANADIUM, IRON, NICKEL, COPPER,
PRASEODYMIUM, GADOLINIUM, AND ERBIUM

Yy
J. L. Dalton

ABSTRACT

Mass attenuation coefficients have been determined for titanium,
vanadium, iron, nickel, copper, praseodymium, gadolinium, and erbium.
The coefficients for the transition elements were measured over the range
17 keV to 2 keV and the rare earth elements over the range 28 keV to
5 keV. The precision of the measurements -- that is, the calculated
relative sample standard deviation for all the replications for a single
| coefficient -~ was less than one per cent in some cases, Agreement of
‘ the standard deviation predicted by the law of propagation of error with
that obtained by measurement was achieved in favourable cases. Ab-
Ssorbing foils that were not ideally uniform accounted for discrepancies
between the predicted and the actual standard deviations that occurred,
The accuracy of the measurements is judged to be in the range two to
four per cent of the mass attenuation coefficient reported. A statistical
analysis of the data yielded constants and exponents making possible the
Calculation of mass attenuation coefficients in several atomic number-

€hergy regions.
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*Scientific Officer, Spectrochemistry Section, Mineral Sciences Division,
Mines Branch, Department of Energy, Mines and Resources, Ottawa,
Canada.,
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DETERMINATION DU COEFFICIENT D'ATTENUATION DE LA MASSE DU
TITANE, DU VANADIUM, DU FER, DU NICKEL, DU CUIVRE, DU
PRASEODYME, DU GADOLINIUM ET DE L'ERBIUM
par

J. L. Dalton*

Le coefficient d'atténuation de la masse du titane, du vanadium,
du fer, du nickel, du cuivre, du praséodyme, du gadolinium et de 1'erbium
a été déterminé. Le coefficient des 61éments de transition a été mesuré
sous une tension de 17 keV 2 2 keV et celui des terres rares sous une
tehsion de 28 keV 2 5 keV, Le degré de précision des mesures, c'est 2
dire 1'écart-type relatif de 1'échantillon pour toutes les répétitions relative-
ment 2 un seul coefficient, était de moins d'un p. 100 dans certains cas.
La concordance de 1'écart-type établie par la loi de la propagation de
'erreur avec 1'écart mesuré a été réussie dans certains cas idéals. Les
divergences qui se sont révélées entre les écarts-types prévus et ceux qui
se sont produits étaient dues au manque d'uniformité de la feuille d'absorptio™
Les mesures ont été jugées exactes jusqu'3d deux 2 quatre p. 100 du coefficient
d'atténuation de la masse rapporté, L'analyse statistique des données
obtenues a livré des exposants et des constantes qui ont permis de calcule”
le coefficient d'atténuation de la masse dans plusieurs zones de la corrélatio?

nombre atomique-énergie.

g
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*Agent scientifique, Section de la spectrochimie, Division des sciences
. . . 2 3 -
minérales, Direction des mines, ministére de 1'Energie, des Mines et
des Ressources, Ottawa, Canada.
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INTRODUCTION

When a beam of X-rays of intensity I passes through matter of
thickness x, experiments have shown, the decrease in intensity of the
incident beam is given by the exponential expression:

dI
I

= -pdx ‘ e (1)

where . is the linear absorption coefficient and is dependent on the absorber,
the density of the absorber, and the energy of the X-rays. Integration of
Equation 1 gives:

I=1 exp (-ux) coe (2)

Where I is the intensity of the transmitted beam. The linear absorption
coefficient is proportional to the density p and therefore the quantity p/p
is a constant of the material and independent of its physical state. The
Mass absorption coefficient is thus defined as the linear absorption co-
efficient divided by the density of the material and is the coefficient most
frequently tabulated. Equation 2 is then rewritten in 2 more convenient
form as:
1= Ioexp(—% px) ... (3)

Several communications (1,2, 3,4,5,6) have appeared in the recent
Scientific literature, deploring the lack of accurate mass attenuation co-
efficients. One would think that such simple material constants would be
Well known, but the present situation has arisen because of a decline of
Interest in this area of X- ray physics. Thus, constants that were deter-
Mined by relatively primitive methods on impure materials have come into
Use, Further, some of the early workers did not distinguish between co-
¢fficients determined by experiment and coefficients determined by

Sxtrapolation, thus compounding an undesirable situation.



There have been several published compilations of mass attenuation
coefficients in the past. The obsolete but time-honoured compilation. due
to S.J.M. Allen appeared in Compton and Allison’s book (7) in 1935. Allen
used his own measurements, in conjunction with published data, in a
weightingand extrapolation method to compile the data, In 1963, Stainer
published a literature survey (3) of the experimental determination of
mass attenuation coefficients. Stainer’s survey is notable in that attempts
to include the accuracy of the experimental determinations were made,
These two compilations were among the foremost in the literature, prior
to Heinrich’s (2) calculations,

The bar graph in Figure 1 was tabulated by Heinrich (2) at the
National Bureau of Standards in Washington. He examined all the publish-
ed data on mass attenuation coefficients for self consistency and proper
technique and then used selected data as a basis for interpolation according
to the method of Leroux (5). Leroux proposed a self-consistent set of

mass absorption coefficients, using the exponential expression:
w/p = C\B e (4)

where \ is the wavelength in angstroms (A), u/p the coefficient, and C and ®
are determined empirically, The values of C are assumed to vary in a
regular fashion as a function of the atomic number of the absorber. From
the values of C and n obtained by the analysis of the selected data, Heinrich
calculated the mass attenuation coefficients of most of the elements for the .
Ko.’ K[S’ La’ Lﬁ’ Mo.’ and Mﬁ lines of many elements, Heinrich’s tables
are believed to be more reliable than previous sources but it must be

borne in mind that his tables have been derived from the data illustrated

in Figure 1,

Mass attenuation coefficients are used throughout the field of X-ray

technology. In X-ray diffraction, they appear in the exact expression for
the intensity diffracted by a single-phase powder specimen and in the equa”
tion for the intensity ratio of a two-phase mixture. In electron probe

microanalysis, the absorption correction that is applied to the measured
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intensity is large, and the accuracy of this correction varies directly as

the accuracy of the mass attenuation coefficient. In X-ray fluorescence

spectrometry, the coefficients are used in the calculations relating com-
position and obser ved intensity. These calculations are carried out over
a wide wavelength range for all the elements present in the specimen

undergoing analysis,

The purpose of the present study was to expand the experimental
knowledge of mass attenuation coefficients in the energy range 28 keV to

2 keV (A = 0.5A to X =5A). The choice of absorbing elements for this

study was titanium, vanadium, iron, nickel, copper, praseodymium,
gadolinium, and erbium. As can be seen from Figure 1, coefficients for
some of these elements had previously been measured over the pertinent
energy range, but it was advantageous to have some overlap of data.

There are many possible types of interaction between electro-

magnetic radiation and atoms, electrons and nuclei. The three predomin-

ant phenomena are the photoelectric effect, elastic and inelastic scattering,

and pair production. The relative importance of these varies with the energy

of the incident photon and with the atomic number of the absorbing material.
This is illustrated in Figure 2 (8). The phenomenon of pair production will
not be discussed, because it is beyond the energy range of this discussion.
The most important attenuation process at photon energies up to
500 keV is the photoelectric effect, defined as the absorption of a photon
with subsequent ejection of an electron from the atom. The energy of the

ejected atomic electron is equal to the energy of the incident photon minus

the binding energy of the atomic electron, For incident energies greater

than the K-edge energy, electrons in the K and L shells account for most

of the attenuation by this process.
Photons with energy much in excess of that required to eject an
electron are unlikely to be absorbed, and therefore photoelectric absorp-

tion decreases rapidly as the photon energy increases. At low energies

the photoelectric effect varies as E'7/2; at high energies, as E_l; where



E is the energy of the incident photon. In addition, the probability of the
pPhotoelectric effect occurring exhibits a rapid increase as the atomic
number of the absorbing material increases, varying approximately as 75,

Coherent or elastic scattering occurs when the photon is deflected
Wwithout loss of energy. The atom as a whole absorbs the momentum
change, and the scattered photon has the same energy as the incident
radiation. The photoelectric effect is nevertheless the dominant absorption
Mmechanism in the energy region where coherent scattering occurs,

In the case of incoherent scattering, the atomic electron absorbs
Some of the momentum from the interaction and either remains in an ex-
Cited state or leaves the atom, and the scattered photon has less energy
than the incident. The theory of incoherent scattering is most satisfactory
for photon energies so large, in comparison with electron binding energies,
that the electrons can be considered as free. Incoherent scattering by free
€lectrons is known as the Compton effect, and its magnitude is described
by the theoretical Klein-Nishina cross-section (9).

G. White Grodstein (10) and, more recently, J. H. Hubbell (11)
have calculated attenuation coefficients for a number of elements and com-
Pounds over the energy range 10 keV to 100 GeV. Grodstein based her
Calculations on a number of theoretical derivations and found it necessary
to use three of these plus graphical adjustment to calculate the photoelectric
Cross-section. The uncertainty in the calculated photoelectric cross-
Section was estimated to be five to fifteen per cent. The error in the total
attenuation coefficient was judged té approach ten per cent below 50 keV.
Hubbell relied on high-precision total attenuation coefficient measurement :
In the range 10 keV to 0.2 MeV to calculate the photoelectric cross-section.
C‘I'Odste‘in’s and Hubbell’s compilations emphasize the contribution the
Various absorption phenomena make to the total attenuation coefficient and
thys are intended for those engaged in high-energy radiation research

Tather than for the X-ray spectroscopist dealing with low energies,



EXPERIMENTAL ASPECTS

The determination of X-ray mass attenuation coefficients consists
of measuring the intensity of a collimated monochromatic beam of X-rays
under two conditions, one with an absorbing foil in the X-ray path and the
other with the path vacant. The absorbing foil should be a single element
in a state of high purity and of uniform thickness. Further, since the

weight and area of the foil are used to calculate the coefficient, the shape

of the foil must be such that the area may be accurately measured.

A Norelco 100-kV constant-potential single-crystal spectrometer
was used for the X-ray measurements, and a schematic diagram of this
spectrometer is given in Figure 3. The Soller collimators, located be-
fore and after the analyzing crystal, were used to collimate the beam. The
spacing of the first collimators is 0.005 inch and 0, 020 inch for use with
medium and long wavelengths respectively, and the spacing for the second

collimator is 0,020 inch. Three analyzing crystals, listed in Table 1,

were available. The spectrometer is equipped with two detectors in tandern®

a gas-flow proportional counter leading and a scintillation counter trailing.
It was necessary to design and construct a device to insert the

absorbing foil into the X-ray path., A preliminary investigation with tem-

porary foil holders located before and after the analyzing crystal was

carried out. The results are given in Table 2. It was concluded from thes®€

results that the coefficient was independent of position in the X-ray path.
Accordingly, the device was designed to fit into the most convenient posi-

tion in the spectroscopy chamber, that is, between the crystal and the first

collimator. The device may be described simply as a rotating brass disc,

6 3/4 inches in diameter, wherein four ports were cut. Three of the four
ports are used for absorbers and one remains empty for incident intensity

measurement. Photographs of the device are reproduced in Figure 4.






TABLE 1

Analyzing Crystals Used in Study

pop— /
Reflection 2D Spacing Wavelength Rang®
C tal
rysta Plane (A) Used in Study
Lithium Fluoride (220) 2, 848 Sb K to Sr KC(,
a
(0.4718A to
0.8766A)
Lithium Fluoride (200) 4.028 Mo K to Ca Ka
o
(0. 7107A to
3.359A)
Ethylenediamine (020) 8.808 KK toSK
Tartrate a o
(3, 742A to
5.3734A)




TABLE 2

Results of Preliminary Study on the Effect
of the Position of the Absorber

(a)

Mass Attenuation Coefficients for Nickel

T —— - —— i ——————

Waveleng‘;h Nickel Foil Nickel Foil
— Before Crystal After Crystal

Nb K 53. 71 54. 33

Zr”a 61.50 63’20

r o 70. 52 12 87

Sr 82.53 82. 41

Rb " 96.22 101.7

Br v 131.3 131 6

Se 157. 1 157 3

As 185. 4 184 4
Ge 218.3 217 7

(b)

Mass Attenuation Coefficients of Nickel for Br K

Before Crystal After Crystal
130.5 131.6
130.8 132.0
131.3 132.1
131.9 132.7
132.4 133.4
133.6 133.5
134.3 133.5
135.2 134.8

(Four replications for two folls in each position)
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TABLE 3

Results of Reproducibility Investigation of Foil Holder

(Figures quoted are results of fifteen replications;
titanium foils in ports3,2, and 1l; port 4 vacant;
As Ka radiation used)

. Results Port 4 Port 3 Port 2 Port 1
Mean cps 10,589 4,749.5 4, 786.5 4, 809.9
Standard 27.696 13.616 14,708 15.621

deviation
C . -
cetficient 0.26156 0.28676 0.30736 0.32477
of variation
TABLE 4

Semi-Quantitative Spectrographic Analysis of Foils Used in Study

Foil Mg si Iglpu e Cr _ Ni Fe
Titanium - - ND ND ND ND
Vanadium ‘ND ND ND ND ND 0.11
Iron 0.002 0.02 0.01 0.1 ND PC
Nickel 0.002 ND 0.01 0.1 PC ND
Copper 0.008 0.02 PC ND ND ND
Pras eodymium ]

Gadolinium No impurities could be detected
Erbium

ND - Not Detected
PC - Principal Constituent

Praseodymium - Chemical Analysis

99. 62% Pr
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Mylar film was used to prevent metal-to-metal contact. Approximately
thirty to forty passes per pack were made; the distance between the rollers
was decreased slightly every five passes. The Mylar-coated foil was
removed from the pack and clamped under a square brass block, and a
razor blade was used to cut an outline of the block around the foil. The
Mylar was floated off in carbon tetrachloride, and the foil was rinsed in
.ethyl ether and weighed. The above process was repeated until a reduction
in thickness of forty to fifty per cent had been attained. When this had been
accomplished, the foil was rinsed with carbon tetrachloride, benzene and
ethyl ether (in that order), weighed two to three times on a Mettler Micro
Gram-atic analytical balance, and the area measured with a Gaertner
toolmaker's microscope. At least three absorbers of each element were

Prepared as outlined above.

A__Sj_essment of Thickness Uniformity

\ The assessment of the thickness uniformity of both the pack-rolled

‘ and commercial foils was determined by measuring the mass attenuation

Coefficient in different areas of a foil and comparing the results. This was

accomplished by masking the X-ray beam. Two lead masks were used
a’lternau:ely for this purpose, one mask with an aperture in the centre and

\ another mask with the aperture in the first quadrant. Approximately 6 per

€ent of the foil area was sampled with these masks, as the foil area is

a’pproximately 5.5 crn‘2 and the aperture area is about 0, 33 cmZ. The foils
1 Were turned around their centres by 90°, when the mask with the quadrant

*: 3Perture was in the path, so that different quadrants of the foil could be

L Sampled, Thus, by use of the two masks it was possible to obtain five

‘ Q°effic°1enics, one from each quadrant and one from the centre, in addition

to the coefficient for the whole foil. The bulk weight and the area were used
to Calculate the coefficients. The results of the uniformity measurement

Are given in Appendix A,
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X-ray Measurements

The following procedure was used for the X-ray measurements. The
power to the X-ray tube was increased until 10,000 cps was obtained for the
incident intensity. The detector voltage was set at the midpoint of the
counter plateau and the baseline setting was used to eliminate the counter
noise, When the gas flow proportional counter w.as used, the baseline was
set to eliminate the argon escape peak, as it has been reported (13) that an
increase of 5-10 per cent in the count rate may occur if the count rate due
to the escape peak is measured at the same time as the nafural peak. The
P-10 gas flow rate was very small, of the order of a few litres per hour.
The whole spectroscopy chamber of the spectrometer was filled with helium
to provide a helium peifh for measurement of wavelengths greater than 3A.
The incident radiation through the vacant port was counted for approximately
36 seéonds,.collec.:ting 384,000 counts. The foils were moved into the X-ray
Path and, in most cases, 1'28, 000 counts were collected. The counting times
Varied from 36 seconds to 300 seconds, depending upon the attenuation of
the incident beam. The order of recording the intensities was incident in
bport 4; foil 3 in port 3, foil 2 in port 2, and foil 1 in port 1. Five replications
Were made for each sequence. A minimum of three foils was used for each
Coefficient reported. ‘

Pure elements, whenever available, were used as targets in the

Sample chamber to produce the Kd and/ or K _wavelengths. Oxides or

8imple salts, of analytical reagent quality, wBere used whenever pure
elements were not available. A count scan with 0. 62~degree 26 increments
Wag used to obtain the goniometer position for a particular wavelength~
Analyzing crystal combination.

The intensity measurements were corrected for counting losses

by use of the Geiger formula with a dead time of 1.6 microseconds. This

dead time was determined by the method of Short (14).
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RESULTS

The results of the measurements are given in Tables 6 to 13.
The mass attenuation coefficient listed is the arithmetic mean of all the
replications. The standard deviation is obtained by taking the square root
of the sum of the squares of the deviations from the mean, divided by the

degrees of freedom. The coefficient of variation is the standard deviation

divided by the arithmetic mean multiplied by 100, Plots of mass attenuation

coefficient versus wavelength are given in Figures 6 to 8.

The results were used to calculate values of C and n for the equatiOn‘

o (4)

as proposed by Leroux (5). These values are listed in Table 14. Two sets

of values were calculated for all the elements studied because the measure~

ments straddled an absorption edge(s). The mass attenuation coefficients

were analyzed for dependence on atomic number by extending Equation 4 to:
J;— - bzS® (5)

by a procedure similar to that of Carter et al.(15). Values for the constant

b and for the exponents k and n were calculated for the three atomic

number-energy regions and are listed in Table 15. The calculation were

carried out on a Hewlett-Packard Model 9100A programmable calculator.
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TABLE 6

Mass Attenuation Coefficients for Titanium

—————— —— e e — = — — — — ————

Wavelength (A) Mass Attenuation Standard Coefficient of
- Coefficient (cm /gm) _ Deviation _ Variation

0.9269 50.17 0.3430 0.6837
1,041 68.59 0.2697 0.3932
1.341 138.8 0.7839 0. 5648
1.659 248.0 0.8397 0. 3386
1.937 376. 1 2.968 0.7392
2.103 476.9 3.081 0.6460
2.291 601.5 9,568 1.591
2.504 88.86 0.4748 0.5343
2.748 110.2 0.6714 0. 6093
3.359 194.2 0.9450 0. 4866
3.742 259.6 0.6182 0.2381
4,728 498.0 4,479 0.8994
5.373 678.9 6.891 1.015

———— ORI —— — e —

TABLE 7
Mass Attenuation Coefficients for Vanadium
- T Mass A Standard  Coefficient of
ass Attenuation tandar oefficient o!

Kivilength (A) Coefficien: (cm” / gm) Deviation Variation
0.7107 26,11 0.2098 0.8035
0.9268 55.27 0.1899 0.3436
1.177 107.5 0.4651 0.4327
1.341 153.1 0.4688 0.3062
1.542 221.9 5.154 2.323
1.937 419.7 10. 16 2.421
2.103 529.9 8.479 1.690
2.284 74.12 0.2291 0.3091
2.748 123.8 0.4937 0.39838
3.359 227.3 3.926 1.727
3.742 302.5 5. 886 1.946
4,728 558.0 5.857 1.050

\\_

|




Mass Attenuation Coefficients for Iron
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TABLE 8

e _ e
Mass Attenuation Standard Coefficient of

Wavelength (A) Coefficient (cm /gm) _ Deviation Variation -~

0.7476 43.10 0. 4898 1. 136

0.8766 66, 83 0.3648 0.5459

1.177 149.7 0.4249 0. 2838

1.295 193.5 0.5939 0. 3069

1.542 309.9 4,185 1.350

1.659 388.0 5.726 1.476

1.757 53.04 0.1874 0. 3533

2.085 86.52 0.2851 0.3295

2.748 189.0 0.5793 0. 4065

3.359 334. 1 5.053 1.512

3,742 438.0 7.938 1.811/

TABLE 9
Mass Attenuation Coefficients for Nickel /
Mass Attenuation Standard Coefficient of

Wavelength (A) Coefficient {cm / gm) Deviation Variation

0, 7476 53.55 0. 4604 0.8598

0.8766 82.61 0.5269 0.6378

1.106 154.5 1.065 0. 6990

1.295 237.0 5.648 2,383

1.436 320.0 4,691 1,466

1.500 44.02 0. 3899 0. 8857

1.937 89.91 0.5425 0. 6034

2. 291 144.0 0.7048 0.489%4

2.504 185.9 1.00 0.5379 |

2.748 243. 4 5,282 2.170 |

3. 359 419.8 6.516 1.i5’2//
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TABLE 10

Masgs Attenuation Coefficients for Copper

s ey ——

. Mass Attenuation Standard Coefficient of
Wavelength (A) Coefficient (cm_/ gm) Deviation Variation

0.7476 56. 45 0.3642 0.6452
0.8766 87. 44 0.54006 0.6183
1.106 163.5 1.120 0. 6850
1. 341 284.5 2,823 0.9923
1,392 38,22 0.3998 1.046

1.937 97.33 0.6626 0.6808
2.291 156.5 1. 352 0. 8639
2.504 200.3 1.371 0. 6845
2.748 262, 7 2.464 0.9380

TABLE {1

Mass Attenuation Coefficients for Praseodymium

Mass Attenuation Standard
Wavelength (A) Coefficient (cm / gm) Deviation
0.5136 20,72 0.3918
0.7873 65.71 0.8593
1.041 138.8 1.865
1. 341 270.4 3.279
2.085 186.0 1. 165
2,291 232.3 2,484
2.504 284.2 3.248

Coefficient of

Variation

1
1
1
|
0.
1.
1.

. 891
. 308
. 344
. 213

6263
069
143
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TABLE 12

Mass Attenuation Coefficienis for Gadolinium

Wavelength (A)

NN - === 00O O

.4921
. 6147
. 7476
. 9269
. 106
. 255
. 435
. 157
.103
. 291
.504

Mass Attenuation Standard Coefficient of
Cogzfficient (cm™/ gm) Deviation Variation
23,68 0.1642 0.6933
42.94 0.4284 0.9976
72.56 0.4269 0.5883
128.2 0.4293 0.3348
205.3 3.233 1.575
283.5 4,481 1.580
394.2 6.285 1.597
152.6 0.6727 0.4408
249. 2 3.317 1.331
308.3 4,362 1,415
363.3 8.918 2.455

TABLE 13

Mass Attenuation Coefficienis for Erbium_

Mass Attenuation Standard Coefficient of
Wavelength (A) Coefficient (cm™/ gm) Deviation Variation
0.4718 25.15 0.1839 0. 7322
0.5608 40.10 0.2253 0.5618
0.7107 75.65 0.3062 0.4048
0.8766 130.4 0.6130 0.4701
0.9269 151.4 0.3380 0.2232
1.041 207.8 4,178 2.011
1.128 253.5 5.157 2.034
1,255 325.8 5.1788 1,777
1.295 302.2 6.297 2.084
1.341 247.3 4,283 1,732
1.436 291.1 4. 409 1.515
1.500 120.3 0.5078 0.4230
1.799 196.4 2.887 1. 470
2.291 369.2 5.862 1.588
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TABLE 14

Values of the Constant C and the Exponent n for the

Exopres sion"%‘ = C\" Calculated from the Experimental Data
x<xk A < >\<)\LI Mo <)\<>\Mr

Element Z = — A A A A

C n C n C n
Titanium 22 61.71 2.746 7,382 2.696 - -
Vanadium 23 67.84  2.760 7.566 2.1782 - -
Iron 26 95.91  2.736 11.14 2,794 - -
Nickel 28 118.2 2.718 14.13 2,804 - -
Copper 29 125.9 2. 747 15.00 2.829 - -
Praseodymium 59 - - 124.0 2.678 33.97 1.531
Gadolinium 64 - - 155.1 2,632 38.38  2.481
Erbium 68 - - 183.7 2.626 41.81  2.640

)kA - Wavelength of the K absorption edge.

)‘LIA- Wavelength of the L_ absorption edge.

I

)\L - Wavelength of the LIII
IITA

XMIA - Wavelength of the M

absorption edge.

1 absorption edge.

o
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TABLE 15

Values of the Constant and the Exponents for the Expression

—p&: bkan Calculated from the Experimental Data

~—

zZ, )Region b k n

zZ = 22to 29 0.01603 2,668 2,750
A< 2

kA
z = 22+to 29 0.0003746 3.163 2.784

<
ha<r<hpa
zZ = 59 to 68 0.001216 2. 827 2. 644
Ma<r<Iga
)kA - Wavelength of the K absorption edge.

}‘LIA - Wavelength of the LI

absorption edge.
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DISCUSSION

Perhaps the most complete way of assessing the uncertainty
in an experiment where the item of interest is given by some function from
directly measurable quantities, is by the application of the law of propagation
of error (16). If Z = f(xi, X, "') is some function of random quantities, the
variance Si may be approximated by the expression

2 2 2
2 f 2
sm(£) ke (L) s ©
1 1 2 x

2
Heinrich has used this law to obtain an expression, similar to Equation 7
below, for the standard deviation of an absorption coefficient considering
only random errors.
M 2 SZA A" 1 1 v
S§===1(InP -5 t =5 | -
0 (In P) > 3 [N + N]J (7

w W °
The derivation of this expression and an explanation of its terms are given
in Appendix B. By the use of this equation, it is possible to show that a
coefficient of variation of less than one per cent may be obtained over a
considerable transmission range., The data used for these calculation are
presented in Table 16.

The non-uniformity in thickness of an absorbing foil ig, however,
the major error in the determination of an attenuation coefficient, but this
error is not included in Equation 7. The fractional shift in transmission,
A T/T, where T is defined as the ratio of attenuated to incident intensity,

due to a fractional change in thickness x, is given by :

_T— = qu (8)

where f is the linear attenuation coefficient., The derivation of this

expression is given in Appendix C.
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TABLE 16

Attenuation Coefficient as Predicted by the Law of Propagation of Error

2 M

N, N to t T SH; o c.v.
_ : - —— P

384,000 384,000 36 45 0.80 0.14 34.8 1.06

60 0.60 0.17 79.7 0.52

75 0.48 0.22 114.5 0.41

192,000 45 0.40 0.34 142.9 0. 41

60 0.30 0.45 187.8 0.36

75 0.24 . 0.55 222.6 0.33

96,000 45 0.22 0.74 239.2 0.36

60 0.16 0.91 284.1 0.32

75 0.13 1.07 318.9 0.32

120 0.080 1.45 392.2 0.31

215 0.045 2.03 483.1 0.30

64,000 300 0.02 3.75 610.2 0.32

609 0.01 8 3 0.40

.23 718.

N, - Number of counts collected for incident intensity.

N - Number of counts collected for attenuated intensity.

to - Time taken to collect incident intensity.

t - Time taken to collect attenuaated intensity.

T « The ratio of attenuated to incident intensities.

2 . . . .
S =~ The variance of the mass attenuation coefficient

Y as predicted by Equation 7.

M- The mass attenuation coefficient using the weight

P and area data for rolled iron foil #2.

c.v. - Coefficient of variation, S divided by *-.
U p

p
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A simple calculation will show that a two per cent fractional change
in thickness will result in a two per-cent uncertainty in the attenuation
coefficient. Expressions developed by Carter et al.(15) and Halliday et al.
(12) confirm that non-uniformity in thickness introduces a large error.

The calculated sample standard deviation, that is, the square root
of the sums of the squares of the deviations from the mean, is in sporadic
agreement with that predicted by Equation 7, However, Equation 7 does
not take cognizance of non-random errors and, without doubt, the large
discrepancies between measured and predicted standard deviations can be
attributed to non-uniformity in the thickness of the foils.

Heinrich's tables (2) of mass attenuation coefficients are regarded
as the most reliable to date; hence a comparison is made between the result?
of this study and his tables in Table 1{7. Agreement between the two for
titanium is good. For vanadium, Heinrich's coefficients are consistently
higher by a small amount, somewhat less than two per cent in most cases.
The vanadium coefficients determined by Carter et al.(15) are also slightly
less than those of Heinrich, substantiating the results of this study. The
agreement with iron is good except for the coefficient at A = 3,359, where
the disagreement is of the order of four per cent. Carter's studies also
indicate that Heinrich is slightly low in this energy range for iron, There is
consistent disagreement for nickel: nine of the eleven measured coefficient®
are higher than Heinrich's by one to two per cent. The work of Hughes
et al.(4) also supports these observations, The agreement with copper is
good, except in the region just beyond the K absorption edge where there
is a discrepancy of two per cent.

Comparison between Heinrich's tables and the measured coefficient$
for the rare earth is somewhat different than for the transition elements,
insofar as very little, if any, published data were available to Heinrich as 2
basis for his calculations. If the measurements for this study are used as 2
reference point, then Heinrich's calculations for the rare earths are remark’
ably accurate. There are some areas of disagreement, especially around the

LI absorption edge of erbium, and for gadolinium from 1.5A to 2.5A, but in

4

general agreement is good.
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TABLE {7

Comparison of Measured Mass Attenuation Coefficients -
' With Those from Heinrich's Tables.

' : Measured Heinrich's

Element Wavelength (A) Coefficient Tables
Titanium 0.9269 50.17 50.5
1,041 68.59 69.3

1,341 138.8 138.3

1. 659 248.0 247.3

1.937 376.1 377.5

2.103 476.9 472.5

2.291 601.5 597.0

2.504 88. 86 85.8

2,748 110.2 110.6

3.359 194.2 191.3

3. 742 259. 6 256, 8

4,728 498.0 486, 4

5.373 678.9 689.6

Vanadium 0, 7107 26,11 27.4
0.9269 55.27 56.8

1.177 107.5 108.9

1. 341 153, 1 155.5

1.542 221.9 227. 17

1.937 419.7 424.3

2.103 529.9 531.1

2,284 74.12 76.5

2,748 123.8 126, 7

3.359 227.3 219.1

3. 742 302.5 294.3

4,728 : 558.0 557, 2

Iron 0.7476 43.10 43,2
0.8766 66.83 66. 8

1,177 149.7 . 149. 2

1.295 193.5 193.5

1.542 309.9 311.1

1.659 388.0 379.6

1,757 53.04 54.7

2,085 86.52 87.3

2.748 189.0 185. 6

3.359 334.2 321.1

3,742 438.0 431.1

—— —_ ————

- Concluded
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TABLE 17 (Concluded)

. SEIE
— ettt - At S St s b oy oA Y oAb e e, S o . e et s

. : P - H 1
Element Wavelengh (1) o tBIC S nblon |
Nickel 0. 7476 53,55 52. 4
0.8766 82,61 81.0
1.106 154.5 152.3
1.295 237.0 233.5
1.436. 320.0 309.0
1.590 44.02 44,8
1.937 89.91 90. 0
2.291 144, 0 142.3
2.504 185.9 181.4
2. 748 243. 4 233. 8
3.359 419.8 404, 4
Copper 0.7476 56. 45 57.3
0.8766 87. 44 88.6
1.106 163.5 166.6
1,341 ' 284.5 280, 8
1.392 38.22 40. 6
1.937 97.33 100. 0
2.291 156, 5 158. 1
2.504 200, 3 201.6
2,748 262. 17 259. 8
Praseodymium 1.041 138, 8 139.8
1.341 - 270. 4 275.5
2.085 186.0 178.8
2.291 232.3 228.5
2.504 284. 2 287.9
Gadolinium 0.9269 128.2 128.3
1.106 205, 3 205.3
1.255 283.5 287.3
1.436 394. 2 411.1
1.757 152.6 148.5
2.103 249.2 237.0
2.291 308.3 296.1
2,504 363.3 373.1
E rbium 0.8766 130, 4 129.7
0.9269 151, 4 150. 6
1.041 207.8 204, 6
1.128 253, 5 252.9
1.255 325.8 335. 1
1.295 302, 2 310. 7
1.341 247.3 245.2
1.436 291. 1 293.7
1,500 120.3 119.6
1. 790 196. 4 189.4
2,291 369. 2 459.

\
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The values calculated for the constant and the exponent in the
expression u/p = CcX' are not in good agreement with those calculated by
Heinrich. The discrepancies approach ten per cent in some cases. In the
region between the K and L absorption edges for the transition elements.
Heinrich lists a value for the exponent of 2. 73, while the values for this
study increase steadily with atomic number from 2. 70 to 2. 83,

There is a slight discrepancy in the exponent n for thes rare earths
in the region between the K and L absorption edges. The exponent from this
study is consistently larger by about one per cent than that of Heinrich.
There is a discrepancy, of the order of twenty per cent, in the region
beyond the L absorption edge in the case of the constant for pradeodymium
and gadolinium, but, surprisingly, not for erbium.

There is no readily available source to compare the values for the
constant and exponents calculated for the expression u/p = b Zk)\n. Carter
et al,(15) calculated values for the constant and exponents for this expression
but did so for all elements over the entire energy range studied, apparently

taking no cognizance of absorption edges.
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APPENDIX A

Results of Uniformity Investigatioa of
Purchased and Pack-Rolled Absorbing Foils

L__lw:_:l\iieasured Coefi:_ig_i_ents:g-qr Different Areas
Foil Predicted | Whole |Centre |__ Quadrants
— Coefficient | Foil L ist 2nd 3rd 4th
Ti3 96.9 97.42 | 97.07 | 96.99 96.95 - -
Ti2 97.05 | 96.65 | 97.06  96.63 - -
Tiq 97.50 | 96.68 | 97.09  96.75 - -
Ti 4R 247.3 243.8 246.5 - 241.5 -
Ti 3R 247.5 | 247.3 | 246.9 247.2 - -
Ti 2R 251.5 | 258.2 | 262.8 252.0 - -
Ti 4R 250.4 | 256.1 | 249.7 - - 255.8
V3 77.9 75.056 | 75.14 | 74.44  75.32 - -
V2 75.29 | 75.19 | 75.53  75.35 - -
Vi 75.39 | 75.55 | 75.83  75.33 - -
V4R 278.0 282.2 | 279.4 | 285.9 - 277.9 -
V2R 274.0 | 272.5| 274.0 280.5 - -
V3R 227.7 225.0 | 223.4 | 237.4 213.4 - -
ViR 232.0 | 221.2 | 235.3 - - 228. 1
Fe g 78. 0 76.60 | 77.18 | 77.21  76.86 76.52  77.10
ge 3R | 177.7 177.4 | 179.1 | 174.7 181.2 179.0 174.3
2 2R 179.1 | 181.0 | 180.4 180.6 181.0 172.9
e 1R 180.9 | 179.8 | 179.8 179.4 179.2 187.2
& 94. 4 96.11 | 95.67 | 96.47 96.5  97.42  96.51

Concluded on next page -
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f
APPENDIX A(Concluded)

Measured Coefficients for Different Areas ]
Foil Predicted| Whole | Centre Quadrants ,
Coefficient | Foil st 2nd 3rd 4th |
Ni 5R 214.5 222.1 218.9 226, 4 - 213.5 -
Ni 4R 215.2 211.2 217.0 223.8 - -
Ni 3R 180.3 184.9 186.2 189.0 189.2 186. 1 184.6
179.7 179.2 181.3 187. 7 173.6 175.0
Cul 103.3 100.5 | 100.4 99.40 100.1 100.3 99. 81
Cu 3R ‘123.4_ 124.1 121.7 126.6 122.2 123.4 127.5
Cu 2R 121.7 123.3 124.1 125.1 122.3 120.0
Cu iR 122.6 124.7 122.3 112.0 123,14 121.9
Gd 3 - 61.88 62,41 59. 74 61.36 - -
G4 2 61.94 62. 44 61,63 62.47 - -
Gd i 63.31 62.58 63,41 62. 84 - -
Gd 3R 128.3 127.9 127.9 129.7 131.0 - -
Gd 2R 126.5 126.2 129'?1 125, 1 - -
G4 iR 126.9 125.5 127. 8 128.5 - -
SRR TN
Er 3 - 50,07 50. 05 50.70 50.17 - -
Er 2 49.96 50. 24 50..85 50. 36 - -
Er i 51.10 50.49 50.56 50. 50 - -
Er 6R 150, 6 154. 1 155.9 | 147.9 149.5 - -
Er 5R 151.3 150.9 152.2 155,2 - -
Er 4R 148. 4 148.9 153.9 157.1 - -
Er 3R 155.1 155.2 150, 1 151.4 - -
Er 2R 149.3 150.3 153.3 155.3 - -
Er IR 154.9 156.8 154,5 151.2 - -
e

R -~ denotes a pack-rolled foil.
Predicted Coefficient taken from Heinrich's tables.
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APPENDIX B

Derivation of Expression for Standard Deviation of Mass
Attenuation Coefficient Using the Law of Propagation of Error

Apply Equation 3:

1=1, exp(£px) (B.1)
Rearranging:
1 L.
H_oZ In (B.2)
P px I
0x = —";‘;— ; (B. 3)

where w and A are the weight and area of the foil respectively.

Apply law of propagation of error:

M 2 A 2 _E.Z
PR 3 3 1
28 _{__p. 2 (..Jl) 2 L 222
5 “(aA ) Sat\7w/ S |5 ) 5T (B.4)
I
(25). 1 2
EPN AR
o). _.A
3w /" > 1n I (B.5)
W
9 X
b \. A1
I,] w I,
9 — _
i 1
I,
Set P = (B.6)




S

- 3¢ -

2 2
sik =<lr—‘—P— > s+ ('——‘—“;— 1nP> 52 +(A L
p w A w? w W p

(B.7)

2
A microgram analytical balance was used to weigh the foils; therefore S W

is very small and may be deleted.
2W /1mP\% 2 +/a 1)\2.2
s“—=(==) s (—— =) s
) w A w p P

N
P=—- =—
I N

(B.8)

(B.9)

where N° and N are the number of counts collected for the incident and

attenuated intensity in times t, and t, respectively. Apply propagation of

error to (B. 9'):‘

2 2
2 P 2 JP 2
Z —
B sN°+<3t) 5%,
—N— N to to
S2 L is small and may be deleted.
: 2
2 d 2
Sp= "“_No S N,
9 —_
N N
g Pt
N, t,
oW
N, \* N\ 2
N, (9= 0 —
B I ROV R [ il

(B.10)

(B. 11)

(B.12)
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—_— (B.13)
No N4 N

S®N_ = N, ?N= N
2
, N, N
) = — f (B. 14)
N2
N

Introduce (B. 15) into (B. 8).

Lo, 1
[T\I—o + N]_ (B.15)
2 2 2 /N.\ 2
2 1nP 2 A1 1 _2 B
S p:(w) SA+,<W P) (t) (N) [N+ ] (B.16)

Cancelling in the szcond term:

2 2
24 [InP 2 (A L1
5 p—(w) S.A+(W> [N°+N] (847
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APPENDIX C

Derivation of Expression for the Fractional Shift in
Transmission Due to Non~-Uniformity of Absorber

"Apply Equation 2:

L =T = exp(""l )
L
Introduce an increment x to thickness x:
1 _ _ - (x+Ax)
I, x+ Ax exp

T~ T 4 Ax = eXP (wux) - expl - ux- uAX)
AT = exp(-ux) [1-exp(-uax)]

T = exp(-px)

T { -exp(- HAX)

Apply exponential series:
2

X
1+x+'—2-!-—

X
e

il

Ignore all terms beyond first order and substitute into (C. 6).

AT
T “1(1 LJ.AX)

(C.

(C.

(C.

(C.

(C.

(C.

(C

1)

3)

4)

5)

6)

. 9)



