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ABSTRACT 

A computer program js presented by which the transHjon matrix 

for a multivariate series can be calculated. The solution is based on the 

assumption that the series satishes a Markov scheme of the first order. By 

means of the eigenvalue routine, the transition mati;ix is djvided into sepa

rate components of two types: (1) components consisting of real numbers 

only, and (2) components consisting of complex numbers. 

The trend factors extracted from components of the first type 
indicate linear combinations of the variates with a variation pattern that is 
close to a smooth curve when the eigenvalue for the component is c lose lo 

unity . 

Components of the second type occur in conjugate pairs and may 
describe cycbcal variations of the variates . 





COMPUTER PROGRAM FOi{ T II E ANA LYSIS OF 

MULTIVARIATE SERlES AND EIGENVALUE ROUTINE 

FOR AS YMME TRICAL MATRICES 

INTRODUCTION 

This computer manual is larg e ly b as ed on a method discussed by 

Quenouille ( 1957 ) fo r the ana lysis of multip l e Lime series with econometric 

app lic a tions . The practical example u se d by Quenoui lle at Lh e end of his 

m o nograph wi ll a l so be used as an exa mple in t his manual. 

Apar t from a listing of the program and opera tional instru ctions , 

this paper contains a d iscussion of Lhe theory Lhal underlies the metho d and 

emphasis is pul on Lhose as pects which may be u seful for Lhe ana l ysis o f 

multi variate series in geology . 

The number of computations thal wi ll be carried oul by Lhe pro

gram and the method s Lba l wi ll be used are contro lled by a header card that 
contains ten different indexes . F or instance, the program can be used Lo 

cal cul a te means and standard deviations for data on a nu mbe r of variates and 

to produce a graphica l plot of the standard devi a tes. A job can be d iscontin

ued when these calculations have been made . One or more out of sixteen 
different methods can be chosen lo compute the transition matrix for the 

series . 

The program is an extens ion of techniques u sed by one of us lo 
determine the do minant components of real eigenvalue from the transition 

matr ix (Ag terberg, 1966) . When there are p variates, p separate compo 
nen t s can now be extr ac ted from the trans ition matrix by sending it to the 

eigenvalue routine . 

Some of the cornponents may form pairs of conjugate rnatnces 
consisting of complex numbers . A pair of conjugate complex components 

indicates that there is an oscillatory constituent in the rnultiv<niate system . 

Thus, cyclical variations for groups of variates can be isolated from the 

trends in the system . Average va lues for t he periodicity and possib le shifts 

i n phase ang le for individual variates may be computed , This method of ana

lyzing the osci lla tory constituent in a geological mulli,·ariate series has not 

been discussed before . The iso l a tion of a n oscillatory constituent from the 

system is done with the help of an application of Sylvester ' s theorem that is 

fully discussed by Frazer, Duncan, and Collar ( 1958). 

Manuscript Received : J anu ar y l 0, 196 7 
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Although this results in numerically precise estimates of an 

osci llatory constituent, little is known about the interpretation of the resu l ts . 

The application to an artificial example will be discussed in this paper. 

However, this manual , in the iirst place, shows how the necessary compu 

tations can be carried out using a digital computer. The method should be 
applied Lo more cases before definite conclusions on i t s points of advantage 

and limitation can be drawn. 

The program was wriLLen fo r the CDC 3100 compute r with 16K 
memory . The maximum number of variates is eight; the maximum number 

of simultaneou s observations is 100. Problems with more variates and 

observat ions can be treated by changing the dimension statements but more 

memory core wi ll be necessary in that case . A machine method for calcu l a

ting the eigenvalues a nd eigenvectors of a n asymmetrica l m atrix is d isc u s 

sed by Francis (1961 ) , who u ses the QR transformation . The latte r m ethod 

was programmed for the CDC 1604 and 360 0 computers by the University of 

Wisconsin Computing Center. 

The fo llowi n g theoretical parts will successively deal with the 

formation of the transition matrix which is comput ed in the m ain part of the 
progr;im, and the extraction of the co rnponenl s from the t ransi tion matrix 

which is performed by the eigenvalue rou tine . 

FORMATION OF TRANSITION MATRIX 

A mu l tivariate series can be represented by an array of data 

X 1 . k where the subscripts i and k denote variate and position of observation, 

respecti,·ely . When the1·e are n observabons and p variates, Xi,k consists 

cif n c o l u1nns ~k and pxn eleinents xi, k· 

A series Xi,k possesses the l\tlarkov property when each of its 
ob s enatiuns can be predicted from the observation which precedes it in the 
series . The Ll'ilnsition matrix U by which the prediction is carried out is 

computed from the ent i re s eries . The Markov schemes used in Lhis paper 
a re line ;1r . By inc l uding more th;in one previous observat ion in the predic 

t ion, higher 01·der Markov schemes could be constructed . Such schemes 

w i ll not be considered here . 

The matrix Xi,k consists of the observations for the variates . 

It may be advisab l e to app l y some t ransformalion lo the raw data before the 

computation s il re carried out . The program of this paper has the logarith 

n1ic l ransfonnalion a s an option . When a t ransfo nnalion is applied, the 

t 1· ,rnsformed data will be called x 1 , k ins t ead of the raw data . 
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The transition matrix can be computed either from the devia tions 

from the mean or from the stand a rd devi ates for the vari a tes. These devi a 

tions and s tand a rd deviates will be called Yi,k and z i,k• respectively . For 
all values of i and k : 

and 

where the bar symbol represents the mean and s the standard deviation : 

Graphic a l plots of the zi, k values can be obtained by the program for succe s 
sive values of i . 

The Yi k values form a matrix Y- k' and the z. k values form 
' 1) i, 

For zi,k• the Markov scheme consists of the following p equations : 

( 1) . 

The values ei,k+ l are random numbers . 

The set of equations (1) may also be written as 

~k+ l = u~k + ~k+1 (2)' 

where ~+l• z,_k, and ~k+ l are column vectors as in Eq . (1), and the transi 
tion matrix U consists of pxp elements uij · 

The transpose of -3'.k is a row vector that will be d enoted by z...k_. 
When both sides of Eq . (2 ) are postmultiplied by 1'k and when the results are 
summed for the entire series, it fo llows that 

'l n 
t ~k + l ~, k = u L: ~~~ . 

k = 1 k= 1 
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The correla tion matrix R
0 

for zi,k satisfies: 

n , 

Ro = l; 1 L: ~kak 
n- k=l 

(3). 

By correlating each variate to all p variates from the observations that are 
one place behind in the series, a correlation matrix R 

1 
for lag 1, is obtained 

with 

(4 ). 

It follows that Eq. (2) may be written as 

R 1 = UR0 

from which U can be so l ved by 

(5). 

In the previous derivation, the mat r ix zi,k can be replaced by Yi k with 
slightly different results . When the variance-covariance matrice's that 
correspond to Ro and R 1 , are called c 0 and C 1 , respectively, the resulting 
estimate for u becomes clc0-1 

Further estimates of U can be obtained by computation of the 
matrix R 2 . 

n 

R2 = 1 In - 1 L: ~k+ 2~k 
k=l 

leading to the estimate U = R 2R 1 - l 

(6) 

This eslimate can be obtained by the present computer program as well as 
-1 -1 -1 

the estimate c 2c 1 In general, U = RsRs -l or U = CsCs -l • with 
s = l, 2, 3 , .. • s . For possible advantages of using estimates of U with s>l, 
see Quenouille (1 957). 

End corrections 

These are required before Eq . (4) can be appl ied . By defining 

the cyclical scheme with ~n+ 1 = ~ l and ~+2 = ~2 , Eq. (4 ) can be maintained 

in the form as it was reported before. A visual appreciation of the graphical 
plot of zi, k may learn whether the application of a cyc lical scheme is rea 
sonable or not. In general , the following equ ations for the lagged co rrela 
tion matrices should be preferred (Quenouille, 1957 , p. 51 ): 



with s = 1 and s = 2. 
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n-s ) I L:x. ,k (n-s) 
k=l J 

L:xz -. k { 

n-s 

k= 1 J , 

( 7) 

Either this end correction or that for the cyclical scheme can be obtained by 
the program. 

EXTRACTION OF COMPONENTS FROM TRANSITION MATRIX 

In its canonical form, the matrix U becomes: 

U=VAv-l (8). 

The matrix A is a diagonal matrix with the eigenvalues of U along its dia
gonal Vconsists ofpcolumns~i which are the eigenvectors of U. The 
subscript i indicates the eigenvalue Ai to which Yi corresponds . The Ai are 
defined so that their magnitude decrP.ases when i increases. The inverse of 
V will be written as T with p rows .ti. 

Eq. (8) may also be written as 

u Alyl!_~ + Az-X.z.t; + ...... + \Yi.t: + ••.... + \Yl; (9)' 

p 

or U = L: A,y.J;..' 
i= 1 l l 1 

The component U
1
- for root A

1
. is defined by U = A . .Y . .t...'. 

1 l l 
p 

Hence U = L: U. which can be used to check the precision of the computations 
i= l l 

once all components Ui have been computed, 

Raising U to the power s results in 

( 10). 
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The previous equations app ly to both real and imaginary value s for\. Whe n 
the largest root A. 1 is real, us will converge to the form A. ~y 1 .t... 1'. It may 

also occur that us converges to A.~y/_ 1'+ A. ~Yz_i.; when t..
1 

and t..
2 

form a conju

gate pair of complex r oots with 

t.. 1 = i-J.+iw and t.. 2 

Both possibilities will be considered . 

lithe dominant roo t is real, the elements of u s+ l can be divided 
by the elements of us and the elements of the resulting matrix wi ll all be 
equal to t.. 1 , when convergence has been reached. In that case, u 1 is found 
from U 1 = Us It,_ s

1
- l, and Y. a nd .t...' can be readi l y extracted from the matrix 

U S/ l l A_S . 
1 

When U
1 

is subtracted from U, ra1s1ng of the difference U-U 1 
t o a high power will yield t.. 2 when this is a real number. A ll components can 
be s uccessively estimated, provided that the method is extended to account 
for the c as e of complex roots . 

In the latte r case, the coefficients of the vectors Yz and !..; are 
conjugate to those of y_1 and L{. The same app lie s to the elements of U 1 and 
U 

2 
i n this case . The sum U 

1 
+ U 

2 
consists of real elements and will be 

written as U 
1 2

. 

' 
In order to determine U l, 2 , ;,;:1 and J. { , u se is made of Sylvester's 

theorem . When a ll roots are distinct, Sylvester's theorem for any polyno
mial of U is: 

P(U ) 

whe re Zo(\) is the square matrix 

-U/ 
I represents the pxp unit matrix. 

TT ( A.. - A. .) 
. I. J l 
JFl 

( 11) ' 

( 12) . 

The equations (9) and (10} are special c as e s of (11) with z
0 

( \ ) = ~.t.{ 
and P(U} = U and P(U} = u s , respectively . 

When the roots of greatest modulus are A. 1 
A. 2 µ - i w, P(U} can be c h osen as 

µ + i w and 
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P(U) = usp 
0

(U ) 

with P
0

(U) = P,.
1
1 - U} p,

2
1 - U). 

P (U) is independent of s. 
0 

For lar ge s : 

UsP (U) = )l.Sp (1'. }Z (1'.) + ),.sp (1'. )Z (1'. ) 
0 10101 10202 

where N is the pxp null matrix. 

( 13} 

or 

( 14}, 

As in the case for a real dominant root, this relationship applies 

to all elements of Us. Hence, with Eq. ( 13), it is found for an element es of 
us that 

( 15a), 

where es+l and es+ 2 refer to elements of us+l and us+2 that take the same 

position as es in us. For another element indicated by f: 

The modulus r 

(µ2 + w2 ) fs - 2µfs+ 1 +fs+2 = 0 

~ µ2 + w2 or 

e f f es+ 2 s+l s+2 - s+l 

can be tested for convergence. 

( 15b}. 

( 16) 

When convergence has been reached, µand w are solved by 
Eqs. (15a) and (15b}. 

The component U 
1 2 is found as follows . When in Eq. ( 13}, 

P 0 (U} is put equal to P 
0

(U) = 1''
2
1 - U, for large s: 

Z ( 1'. ) = Us ( \ I - U} 
0 1 2 

( 17). 
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The elements of z
0

(A.
2

) are the conjugates of those of z
0

(A. ) • 
, , 1 

From z0 (A. 1) = y_
1

t_
1 

and z0 (A.
2

) = .Yzl.z, it follows thal the first rows of 

z0 ( A. 1) and z 0 (A.
2

) can be used as estimates for .t..'
1 

and ..t.;, respectively. The 
first columns of these matrices can be used to obtain corresponding estima 
tes for v and v after the elements of these columns are divided by the -1 -z._ 
first element. This method was followed by Quenouille (1957) and these esti-
mates of ..t.'

1
, ..t.'

2
, y_ 

1
, and ::!.z will be referred lo as "Quenouille 's estimates". 

In this computation, the value A.~ is readily computed by writing 

"1 in its polar form: 

A. l r (cos e + is in 9) 

with e = arclan w; µ · 

Hence: A.~= rs (cos s9 + isins9). 

The combined components u 1 , 2 = 1.. 1z 0 ( A. 1) + A.2 z 0 (A.2) are subtracted from U. 

When the difference is raised to a high power, it will converge either to a 
form determined by U 3 when the dominant root is rea l , c;r to a form deter
mined by u 3 4 which designates the combined components for a pair of 
complex roots. It is defined that U. ·+l refers to the combined components 

1, l 
for the pair of complex roots \ and \+ 1 . 

Method of programming used in the eigenvalue routine 

The process of convergence for higher powers can be very slow 
when successive eigenvalues are approximately equal to one another. The 
following scheme of powering results in precise solutions for the eigenvalues 
in most instances . 

From. U, the followin_g_malrices are successively computed : 
uz, u4, us, ulb, u3z, u64, ulC8, uzs6, us12, u1oz4, ...... 

In consequence, very high powers of U can be reached within a relatively 
short time . 

For each power us, the matrices us+ 1, us+Z, and us+3 are 

also computed. When e and f refer to lhe first two elements of lhe first 

rows of these matrices, the values p 1 = es+ l / and Pz = es+ 3 / can be 
es es+Z 

computed . When convergence is satisfactory: 

tip = I P 1 - Pz I 
where cR is a small positive constant that can be entered on lhe header card 

of the program (co lumns 3 1-40). 
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When p >cR, values r 1 and r 2 can be computed as follows : 

( 16a), 

and r
2 

is the expression for r 1 with s rep laced by s+ l. 

When 6r = / r 1 - r 2 j < c 1, convergence for the case of two 

complex roots is accepted. c 1 can also be entered on the header card 

(columns 41-50). If no values are entered in columns 31 - 50 of the header 

card, cR and c 1 are put equal to . 000005 and . 0000005, r espectively . 

On the CDC 3100 computer, the ex~onent of decimal numbers 
should have a resultant between 1 o- 308 and 10 0 8 . In order to avoid over -

flow of the exponent, which may happen for very high powers of U, all 

elements of us are d ivided by the first element of us (e s ) w}1en es > 150 . 
Subsequent computations are corrected using the relationship 

where c is a constant. 

Standardized estimates of trend vectors and eigenvectors 

The rows of the T-malrix (l_~) are referred lo as trend vectors, 
1 

and the columns of the V-matrix (~)are called the eigenvectors. In both 

cases of a real root and of a pair of complex roots, the trend vector and 

eigenvector are first estimated by putting the first coefficient of vi equal 
to 1 . In the case of a pair of complex roots, these estimates are printed 

and l abelled "Quenouille ' s estimates". 

When \ is real , the linear combination_li, z is called the ith 

trend factor and the individual values of J.{zk are the trend factor scores for 

_ti"' z . 

Before they are printed out, the trend vector and the eigenvector 

are standardized by multiplication by l; and STF, respectively . STF 
STF 

represents the standard deviation of lhe trend factor scores . The latter are 

also multiplied by 1 I STF before they are printed out and appear in the 

graphical plot of the program. 
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When Ai and Ai+ 1 form a pair of complex roots, the Quenouille 's 

estimates of the real a nd imaginary parts of the trend vector u_;R and_.!;I) 
are divided by STFR and STFI, respectively. The latter two standard devia

tions apply to the values of the " real trend factor scores" U.R_~) and the 

"imaginary trend factor scores" (J 'z ) , respectively. Real and imaginary 
II< 

trend factor scores are l isted and p lotted u sing standard scale. The real 

and imaginary parts o f the eigenvector are multiplied by ZxSTFR and 
- ZxSTFI, re s pee tively. 

When there are p variates, there are p patterns of trend factor 
scores which are shown graphically . The coefficients by which the individual 

elements describe these patterns are given by the coefficients of the eigen
vectors . 

In the case of complex roots, the e l ements describe the pattern 

of the real trend factor scores by the coefficients of the real part of the 
{s tandardized) eigenvector, a nd the pattern of the imaginary trend factor 

sco r es by those of the imaginary part of the eigenvector . Summarizing, it 

may be said that the variation pattern for the multivariate series Zk is 
an a lysed in terms of the trend factors by using the following equation . 

When q of the p eigenvalues are real, each observation _?,k is divided into 

:y_. 
1 

q p-q -z-

column vector for observation k 

eigenvector for real root Ai 

U..'z ) = trend factor score for real root A. 
1J< 1 

_yjR = real part of eigenvector for compl ex roots 

( 18)' 

A. and A 
J j+ 1 

(j labels pairs of compl ex roots while 

goes from 1 to p ) 

~R~k) = real trend factor score for compl ex roots 

A. and !. 
J j + 1 

v in1aginary part of eigenvector (A. and!. . ) 
-jl J j+l 

imaginary trend factor score ( A· and A. ) . 
J J+ 1 
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INTERPRETATION 

Eq . ( 18) is equivalent to 

z = \ ('fz ) because T -k . -k ' 

From Eq. (2 ) , it follows that 

( 19). 

(20) . 

When both sides of these equations are premultiplied by T, it follows that 

for each trend factor 

!..k 
i kts 

(21), 

where the values of ,e.::: are random numbers . When the expression E( . . ) 

denotes ' expectation ' , it follows that 

} (22). 

These relationships hold also true when i refers to a complex root. 

When \ is real, it represents the first serial correlation coeffi 

cient of a one-variate Markov scheme. As a check for the precision of "°i• 

the first serial correlation coefficient for the series of ..ti~k can be computed . 

The first trend factor l.{.zo represents the linear combination of 
the p variates that, out of all possible linear combinations, has the strongest 

serial correlation or 'most' trend in its pattern of_!_ ;..?:k - values . When A
2 

is also real , the second trend factor represents the linear combination with 

most trend for a reduced system from which the effect of the first trend 

factor has been eliminated . 

L inear combinations of the variates that result in a relatively 

smooth pattern may have physical significance . In geological multivariate 

series, the measured variates may have been controlled by physical agencies 

that were subject to a gradual change. Such controlling agencies may be 

linearly re lated to the first one or more trend factors. 
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The individual , -ariates follow a trend factor with amplitudes 

given b)' the coefficients of the eigenvector. 

It may not be possible to assign direct geological significance to 
the coefficients for the individual variates in th e trend vectors and eigen
vectors when approximate linear relationships between the variates do exist. 
For example, when there is such a re l ationship a'zk "" 0 for all observations 
k, with ..a' being a row vector, then t..{-"K + ea 'zk , where c i; an arbitrary 

constant , may have nearly the same variation pattern as 1.i~· but the coeffi
cients of the new linear relationship may be quite different . Approximate 
linear relationships are likely lo show up in the estimated coefficients of 
trend vectors and eigenvectors . As yet, no solution has been fou nd to elimi 
nate their effect. 

Examples of geological series w i th a first trend factor of real 
root that may have physical significance are discussed by one of us 
(Agterberg, 1966). 

For a trend factor of real root, the expectation E(l ;~k) decreases 
exponentially when s increases for all points k . Hence, the expectations 
E (y . ..!_ .Z,_k) of all variates j also show an exponential decrease for increasing 
s . lJ l . 

When the roots form a complex pair, the following interpretations 

can be made . If 

and 

it follows that 

results in : 

µ ± iw = r (cos 9 ± isin 9), 

V ± is in \r J 
k k 

E ( t ' z ± it 'z ) 
~R:-k+s - I- k+s 

E ( ~iz~+s ) rsp
1

cos( 3s+v ) 
z l<. } 

:!:- it 'z ) 
- :1-k 

(23) . 
E ( ...1. ~+s ) = rs pk sin ( 9 s + ~ k) 

The expressions for the expected real and imaginary parts of the trend factor 
are the same, except for a shift in phase angle of 90° . The expr ession 

rspk cos ( 9s + ~kl consists of the parts rs pk, which reflects an exponential 
decrease that is different for each point k, and a set of stationary oscillations 
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cos ( 9s + vk) ' with a phase given by ~k that is different for each point k' but 

angular frequency 9 that is independent of position along the series. The 

corresponding periodicity T is equal to T = 2n; . It represents the number 
e 

of sampling inte rvals over which an oscillation is completed. 

When the eigenvectors yR ± i 4 are written as .9. {co s cp ~c i sin co) , 

where 3. and cp are column vectors consisting of the elements q· and cpj for 

the variates j, the pattern which the variate j de scribes for th~ components 

uj,j +l is 

cos 

+ rS Pk qj cos ( es + \jfk + cpj) -

= 2 rs pk qj cos ( es + \jfk + coj) 

sin {9s + t + cp .) + 
K J 

i sin ( e s + v. + cp .) 
!": J 

(24). 

This is the pattern of the real part of the trend facto r 

with the following two additions: 

( 1) 

(2) 

a shift in phase angle equal to cpj 

a factor of 2q. added to the amplitude. 
J 

Artificial example 

The previous interpretation for an oscillatory constituent in lhe 

multivariate system is illustrated by the following example. In Table 1, a 
three-variate series is listed which was obtained as follows: 

x l , k sin ( lOk 10 ) 0 + e 1 ( 0, o. 5) 

x2,k sin ( lOk 30) 0 + e2 (0, 0. 5) 

x3,k sin (lO k 60) 0 + e3 (0,0.5) with=l,2, .... ' 36 . 

The random numbers e (0 , 0. 5 ) come from a normal distribution with zero 

mean and standard deviation equal to 0. 5 . 

xi,k desc ribes a complete sine-curve thal begins at k = l . A ran
dom normal residual was added to each of the 36 ind ividual values which are 

10 ° apart. x 2 k and x
3 

k desc ribe similar sine - curves bul with shifts in 
phase angle ot 20° and So 0

, respectively . 
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TABLE 1 

Input listing for three-variate series of 
artificial example (AREX) 

AREX 3000001010100 0 1 0 10 10 1 . 000005 . 000000 5 
1 .232 00 -. 2 45 0 2 -. 8 47 0 4 
2 .24215 .42235 -.71 0 79 
3 1.56 9 52 -.25 050 . 0 165 0 
4 • 33tl 5 :J . 0 3715 -.24 052 
5 .6 u8 79 1. 0390 2 . 0 503 5 
6 .914 u4 • 2ZL50 . 3 74 00 
7 .722 03 .61 979 -.03785 
tl l.58 B69 . 92654 .126 02 
9 1.1053 1 2.33853 .15 500 

10 .52150 1. 92669 1. 020 79 
11 1. 0 1481 • 8 5 58 1 -.04296 
12 -.32331 1.2 0 600 .6935 3 
13 .60:J53 1.20431 .6841 9 
14 .66 904 . 922 19 -. 0 4 06 9 
15 . 91429 1.31903 .7715 0 
16 -.27 900 . 5095 4 . 8 7581 
17 .43552 . 3H029 1. 368 19 
18 -.421 35 • 7 9750 .6 3353 
19 .011 00 .78 252 1.452 0 4 
2C • (J8tl85 -. 29335 .75 529 
21 .4 .,; w98 .78950 .6 8900 
22 -.677 vv -. U9315 .722 52 
23 -.95979 -l.2t:l452 . 26415 
24 -.41754 -. 3 14 50 -.36800 
25 -.4 J 3J3 -. 0 5 329 • 3C,635 
26 -.25219 -1.2 935 4 -1.1 0 702 
27 -.59231 -. 86253 -.6 3JOQ 
28 -1.4815 0 -.5551 9 -.58 2 79 
29 -1.411 3 1 -.49931 -1. 0070 4 
30 -1.87219 -.644 ..;J -. 02703 
31 -.355 03 -.4 398 1 -. 968 19 
32 -.99 7 0 4 -1. 2 551 9 -1. 5993 1 
33 -. 0 1229 -.99 353 -1.24 300 
3 4 l.26 0N -1.1170 4 -.5 568 1 
35 -. 05 652 -1. 39329 -1.18 5 19 
36 -1. 09915 -.744 00 -1. 85 753 

The purpose of the statistical analysis is to determine the perio
dicity of the system and the phase diffe rences between the three variates. 

The transition matrix as computed from Ro and R 1 (cyclical scheme) is: 

[ 

.41 .39 -.20 ] 
u = . 21 .67 -.05 

-.04 • 49 .39 



- 15 -

The first two eigenvalues of U appear to form a complex pair with 

"1 2 = .665 ± .084i 
' 

It follows that r = .670, and e = .126 {radians). 

From T = 2rr/ e, it follows that the periodicity T = 49. 9. 
This value is higher than the periodicity of 36 sampling intervals as signed 
to the series before the random residuals were added. 

The Quenouille's estimates ofJ.R, _t1 , .YR' and y"I are 

[ 

.221] l-.233] [I.OOO] [ .OOO] 
..tR = . 337 ; ..t1 = - . 152 ; Y.R = 1. 735 ; JCJ: = -1. 266 

-.150 .242 2.048 - . 286 

From .YR ± iYi, the vectors .9. and~ can be estimated 

[

1.000] [ .OOOJ 
.9. = 2.147 and~= -.630 

3.514 -.949 

where cpj is reported in radians. 

For the original series without random residuals the shift in 
phase angle of x 2 and x 3 with respect to x 1 are 20 ° and 50 °, respectively, 
or 

[ 
. OOOJ 

-.349 

-. 873 

When U is estimated from R 1 and R 2 , the computed periodicity is T = 44. 3 
and 

.:£2= [-: :::] 

- . 895 

In evaluating the results obtained by the method discussed here, 
in general, two types of error will occur: 

(1) estimation errors due to the fact that the· series is not infinitely large; 

(2) errors inherent to the model that assumes a first order Markov scheme 
for the series, which, in most cases, is an approximation only. 
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Comparison to factor analysis 

The linear model that is generally used in factor analysis 
(Harman, 1964, p. 16) is 

a lmF m + a l U 1 

a 2m F m + a2U2 

zp = ap1F 1 + ap2 F 2 + .. . a pmF m +a PUP 

(25 ) 

where m<p . Each variate z . is expressed in terms of m common factors F. 
- J l 

and its unique factor Uj. The common factors are linear combinations of 
the p variates and have unity variance. Hence, they can be compared to the 
trend factors and th e coefficients aji to the coefficients of the eigenvectors. 
In the method of Markov schemes there is no equivalent for the unique 
factors . 

The coefficients aji and ai in the factor model are computed 
from the correlation matrix Ro as follows . The unit valu es along the leading 

diagonal of Ro are replaced by the communalities hf = 1 - aJ, which are 

estimated after making an assumption on the number of relevant factors 
present in the system (m }. The resulting modified correlation matrix R is 
divided into separate components similar to the components extracted from 
U in this paper. This leads to an initial factor matrix solution consisting of 
p x m elements, which is generally subjected to some rotation in order to 
make it possible to assign direct physical meaning to them common factors 
and the coefficients aji . Methods of factor analysis have been refined exten
sively. Similar refinements are not available for the method of Markov 
schemes . 

The usefulness of the present method, which applies to series 
onl y, is twofold: 

( 1) The first one or more trend factors may provide estimates of the linear 
c ombinations of the variates that show a relatively smooth variation 
pattern . The first trend factor represents the linear combination that 
has the largest first serial correlation coefficient that is possible . 

(2) When oscillatory constituents are present in the system, they may be 
computed and described in terms of the complex components. When 
more than one of the variates are subject to an oscillatory constituent 
but when th ere are shifts in phas e angle between the variates, these 
properties of the system can be d escribed by the present method as it 
was i llustrated by the p receding analysis of an artificial example. 
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APPLICATION TO QUENOUILLE'S PRACTICAL EXAMPLE 
(U, S, HOG SERIES) 

Appendix I shows the input and part of the output obtained by the 
program for the practical examples discussed by Quenouille (1957, 
pp. 88-101). In the input, the five variates of Quenouille's Table 8. la are 
listed by year. In the graphical plots of the output, the 82 observations are 
coded 1-82. The fine columns of the input consist of transformed values for 

number of hogs (x l, k), price of hogs (x2 , k), price of corn (x3 , k), supply of 
corn (x4,k), and farm wage rate (x5 ,k), respectively. 

The computed values for the oscillatory constituent are close to 
those obtained by Quenouille who stated: " •.. this approach involves consider
able computation with as many as five variates. While it may be possible 
to do this rapidly on an electronic computer, no programme was available 
for this purpose .•. ", 

The oscillatory constituent corresponds to the third and fourth 
eigenvalues. The oscillations can be seen in the graphical plots for the real 
and imaginary trend factor scores. A shift in phase angle of about T/4 or 
90 ° as predicted by Eq. (23) between the two patterns seems to be present. 
In the graphical plots, the trend factor scores are shown as xes. Their 
five-point moving average is indicated by asterisks. 

The listings for the example are followed by a listing of the 
computer program (Appendix II). 

OPERATIONAL INS TR UC TI ONS 

The logical flow of the program is determined by a set of 10 
indexes which are read from the header card of each data set. The indexes 
are summarized in the listing of the source program and in the flow chart 
(Fig, 1). The indexes 3, 5, 9, and 10 are 11 stopping" indexes, inasmuch as 
if any of them is zero, a problem is terminated at this point. , 

Input Formats 

Each problem is defined by one header card which must be 
brought in from the card reader whether or not the data cards are on 
magnetic tape. Its format is as follows: 

cols. 1-4 (R4) alpha-numeric identification; 

cols, 5-6 (I2} NV AR = number of variates per observation 
(maximum number allowed in present compilation is 8); 

cols. 7-26 (10I2) the 10 indexes in 10 2-col. fields; 
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cols. 27-30 not used; 

cols. 31-40 (FlO.O} value of tolerance for convergence in case of dominant 
real roots. If this field is left blank, a value of • 000005 is 
assumed. 

cols. 41-50 (FlO. O) value of tolerance fo r convergence in case of dominant 
pair of imaginary roots . If this field is left blank, a value of 
. 0000005 is assumed. 

Columns 27-30 and 51-80 are not read and may be punched with 
any alpha-numeric information. 

The data cards are formated as follows: (If magnetic tape is 
used, the records on tape must be in this card image format) 

cols. 1-4 (R4} any non-blank alpha-numeric identification, may differ from 
card to card; 

cols . 5-14, 15-24, 25-34, 35-44, 45-54, 55-64, 65-74 (7Fl0. l) values of 
the variates, in order, up to 7. In case 8 variates are used, a 
second card follows with F 10. 1 in cols. 1- l.O. 

For each observation, there are thus 2 cards (or card images 
on tape) if 8 variates are used, and 1 card (or card image) if 7 or less 
variates are used. 

C::oncluding remarks 

The program will accept up to 100 observations per problem, 
and up to 8 variates per observation. This restriction is imposed by the 
amount of memory core on the computer on which the program was compiled. 
For other computers, this may be changed by altering the dimension state
ments in the main program and all subroutines. It is noted that most doubly 
dimensioned variates are 9x9. This is because the matrix inversion sub
routine used requires an extra row and extra column for scratch storage, 
and this must be allowed for in the dimension statements. 

There is no limit on the number of problems that may be run 
simultaneously . Each problem is independent of all others and its flow is 
controlled by the information of the header card. When the input is from 
cards only, each individual job is followed by the same number of blank 
cards as there are cards per observation in that job. Therefore, if there 
are 8 variates per observation, so that each observation requires two cards, 
then two blank cards must follow that problem before the header card of the 
next problem. If there are 7 or less variates per observation, a problem is 
followed by a single blank card only . When the input data are from magnetic 
tape, each problem is separated by an end of file check. 
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I STf RT I 

REAQ HEADER CARn~-------------~ 

NO YES 
0 I PROCESSING COMPLETE! 

1\10 YES 
ALL INPUT DATA 

FROM CARDS 

•JO YES 
? lJSE INPUT [lATA 

DIRECTLY 

CALCULATE MfANS AN[) 
~TANDARO DEVIATimJS 

f\JQ YE~ 
< (1 N[)EX ') ) n I SCO~JT I NUE ,!OR 

=O 

f\IQ l YES 
INOEX 4 

NO YES 
s n ISCONT I NUf JOR 

l\JO YES 

(1 ND~~ ~) ) CALCULATE COVARTANCF 
MATRICES BY CYCLICAL 

SCHEME 

NO YES 
7 

f\JO YES 
R OPERATE ON 

COVARIANCE MATPICES 

f\10 YES 
i)!SCONTINUE ,JO A 

f\10 Yf5 
nrsCONTINIJf JOA 

L---------'>I tNI> OF JOHr-------+-------__J 

Figure 1. Flow chart for usage of the indexes. 
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In order to terminate processing at the end of a complete run, 
one final dummy header card is inserted which is actually a blank card. 
Therefore, when there are 8 variates per observation, a run is terminated 
when there are 3 blank cards following the last problem. When there are 7 
or less variates, there are 2 blank cards at the end. 

The input formats are controlled by format statement No. 1 for 
the header card, and No. 2 for the data cards. The input formats can be 
altered by changing these format cards in the main program. 

In subroutine ROOT, 6 statements beyond statement 1540, the 
exponent of the first element of us is compared to 150. This number was 
chosen because all decimal numbers in the matrices us-us+3 must have a 
resultant between 10-308 and 10308 (see theoretical part). For other com
puters, a number different from 150 may be used. 

In subroutine ROOT, 1 statement beyond statement 1590, the 
power s of us is compared to 10, OOO. When s > 10, OOO, a job is discontinued. 
The purpose of this test is to safeguard the computer from unlimited 
powering when the structure of the matrix U would be such that us will not 
converge . 

It may be assumed that the results obtained by subroutine ROOT 
are numerically precise when the elements of the check sum matrix printed 
at the end of a problem solution are nearly equal to those of the original 
transition matrix (see theoretical part). 

In the graphical plots of the output, the x-es represent the 
standard deviates, and the asterisks their 5-point moving average values, 
Values equal to or larger than 4 and equal to or less than -4 are plotted as 
4 and -4 , respectively . 
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LISTING OF INPUT AND OUTPUT 
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APPENDIX II 

LISTING OF PROGRAM 
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