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ABSTRACT 

A detailed numerical calcu lati on of the secondary magnetic field due 
to a vertical magnetic dipole above a thin horizontal condu ctor reveals 
this quantity to be elliptically polarized. The current distribution in the 
conductive sheet is circular and sharply bounded so that about 97 per cent of 
the induced current is contained by a circular region whose radius approxi 
mately equals five times the height of the source above the conductor . 

The mathematical thin sheet model is most useful for the calibration 
of EM scale-model equipment . Its validity for the interpretation. of survey 
data h owever , is limited. 

, 
RESUME 

A la suite du calcul numerique detaille du champ magnetique 
secondaire occasione par un bipole magnetique vertical au-dessus d'un mince 
conducteur horizontal, l'auteur a determine que l e champ etait polarise de 
maniere elliptique . La diffusion du courant a l'interiur de la couche 
conductrice est circulaire et nettcment delimitee de fac;:on qu'environ 97 p. 
100 du courant induit se trouve maintenu a l'inter i eur d'une zone circulair e 
dont l e rayon equivaut approximativement a c inq fois la hauteur de la source 
au-dessus du conducteur . 

Le modele mathematique de couche mince est de grande utilite pour 
l'etalonnage de l'equipement e lectromagnetique experimental mais son 
emploi est limite dans l ' interpr etation des donnees de leves. 





SECONDARY FIELDS OF A VERTICAL MAGNETIC DIPOLE ABOVE 
A THIN HORIZONTAL LAYER OF CONDUCTIVE OVERBURDEN 

INTRODUCTION 

The recognition of overburden effects in the results of an electro
magnetic prospecting survey is essential to the separation and identification 
of surficial and deeper conductors . On the other hand, the interpretation of 
EM surveys carried out for the explicit purpose of mapping surficial deposits 
requires detailed theoretical knowledge of the secondary field behaviour over 
stratified formations. 

This paper presents a numerical evaluation of the secondary fields 
produced by an oscillating vertical magnetic dipole located above a thin, 
horizontal conducting sheet. This mathematical model is of course only an 
approximation to real situations where the conductive layer has finite thick
ness. The thin-sheet model however, is most useful for the calibration of 
electromagnetic scale models. In this case a com par is on of theoretical and 
scale-model data yields immediately an estimate of the accuracy of the 
scale-model instrumentation. 

The theoretica,l aspects of the thin-sheet problem have been treated 
by Wait (1953) and by Grant and West (1965). The thin-sheet model has more 
recently been used by Duckworth (1970) in performing depth determinations 
with a two coplanar coil configuration . While the analytical formulae for 
the secondary electromagnetic field are fairly simple, their evaluation is 
rather difficult because of the presence of Bessel functions in the associated 
unbounded integrals. It is thus imperative to employ numerical quadrature 
techniques on a high- speed digital computer . 

The results are tabulated and presented graphically as a function of 
the system geometry and the ratio of the sheet thickness to the skin depth 
(in the conductor) of the primary excitation. A comparison of this data with 
the results published previously by Frischknecht ( 1967) for a similar system 
above a two- layer earth enables us to establish the range of validity for the 
thin- sheet approximation to that problem. 

It was also thought worthwhile to evaluate the induced current 
density distribution in the sheet. While this result is mainly of academic 
interest, it does however, permit us to estimate the minimum lateral extent 
of a thin- sheet conductor which is necessary before the "infinite sheet" 
theory, considered here, becomes applicable to a flat- lying, tabular body, 
of finite size. 

Original manuscript submitted: January 8, 1971 
Final version approved for publication: February 19, 1971 
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Figure 1. Vertical magnetic dipole situated over a horizontal sheet of infinite 
extent . The boundary value problem is solved in cylindrica l 
co-ordinates ('i>, <(J , Z ) . 

THEORY 

The formal sol ution to the problem of a magnetic dipole over a con
ducting sheet (Fig . 1) may be readily obtained by the method of Grant and 
West (1965 , pp . 504 , 505 ). Considerable simplification is achieved by negl ect 
ing displacement currents everywhere. If in addition to this , one assumes 
that the induced current is restricted to a horizontal plane then the solution 
of the problem is completed by applying the appropriate boundary condition 
(Grant and West, 1965, p . 499) to yield lhe vertical and horizontal components 
of the secondary field (Wait , 1953): 

oO 

I icxa 
j +ioca 

( 1) 

0 

where m dipole momenl = I dA 
I current in the loop 

dA area of the loop 

I z + h 
q =<r,,uows/:i. 

oc. = ~ q 
a = <j/d 

and~ is the variable of integration. 
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These infinite integrals do not, in general, lend themselves to an 
analytical evaluation. Wait (1953) however , has derived simple expressions 
applicable either at very low frequencies (oc-o,resistive limit) or at very 
high frequencies ( cx:-oo, inductive limit). Allowing for a change in notation, 
these ~re: 

lvm l- JI.fr f 
3 1-t' J :::-

cx:- oo m 

a. (.2- a.<) 
( 

... ):t/4 
a. + 1 

+ 

kn [ lffl/ HIS) ] ;J 3 
... a a 

ex: + lOl 
(a 2+1)'72 

oc-o m I- J a 2
+1 

( .:2.) 

k [ ¥:£3 H;s) J = 3 a" i a"(J.2-3a2
) 

+ 
oc-oo (a,..+1!"12 0( (a"+ 1 J'72 

kn [ ~:£3 H:•> 1 .1. d ( J a'+ 1 -1 ) " 
+ 10:: 

a 
ex 

l a"-r 1)'
12 

Ol-o Ml 
(3) 

The precise range of validity for these expressions can best be 
determined by comparing the values they yield with those obtained numerically 
(Appendix). For example the useful range for a= 1 is indicated in Figures 2 and 3. 

Numerical Details 

A modified version of a U.S. Geological Survey computer program 
(Fr is chknecht, 1 967) was used to evaluate the required integrals (1). Since 
the integrand is of an oscillatory nature the program computes separately the 
contribution of each segment bounded by the integrand zeros . The infinite 
integral is thus replaced by an infinite series of finite integrals of the form: 

oO X; 

I f (a_ l(X_ I s ) J.. ( ')) d J 
oO 

J 2= r;<a,oc,j) T,,(J)d] 
i~J 

0 x.,·_, 

...0 

= ~ f}, (a, oc.) 
i::1 

Here, x 0 =o , and Xi , i = 1, 2, 3, ---are the zeros of the Bessel function. The 
area of each segment, Ai, was determined using the 16-point Gaussian numerical 
integration procedure. Convergence of the series was established when Ai/Ai 
became less than E., a departure from the criterion described by Frischknecht 
(1967, p. 79). If the series had not converged by i = 40 then Euler's trans
formation (Hamming, 1962) was applied from i = 20 to i = 40 and the result 
added to :J.o 

2:_ 11i 
,· . 1 
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Figure 2. Frequency response of the vertical component of the secondary 
magnetic field. The value of 1 /a = <;/4 is indicated for each pair 
of curves (in-phase and quadrature). For 1 /a = 1. 0 the resistive 
and inductive limits as calculated from (2) are shown. 

Five-to-six significant digit accuracy was obtained, using a value of 
€ = io-6, for mid-range values of the parameters. However, difficulty was 
encountered for extreme values of 9/! . Very large values of 9/,8 (>20) 
produced such rapid oscillations of the integrand that the sum did not converge. 
Small values of 9/j (<0.0l)producedextremelylong-periodoscillations such 
that the only significant contribution to the integral came from the first seg
ment, A1. In this case it was found that the area of the first segment could 
be calculated more accurately by making use of the 32-point Gaussian quadra
ture rather than the 16 -point method. 

RESULTS 

Frequency response 

The normalized secondary magnetic field quantities· 
lj f"r~3 IS) 

and m H'? were calculated as a function of the parameter "a" and the 

variable a: oc = J> a' /f-o W S / :2. • The value of the parameter ranged from 0. 01 to 
about 20 in steps of a factor of 2, while the variable 11 0( 11 was incremented by 
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Figure 3. Frequency response of the horizontal component of the secondary 
magnetic field. The value of 1 /a ::: :;//is indicated for each pair 
of curves (in-phase and quadrature) . For l/a::: 1. 0 the resistive 
and inductive limite as calculated from (3) are shown. 

a factor of {2 in the range from . 005 to 58. A complete tabulation of the 
results is given in the Appendix, while typical results are displayed in 
Figures 2 and 3. One interesting feature which can be observed in these 
diagrams is the coincidence of the position of the maximum quadrature or 
imaginary response with the . frequency at which the phase of the secondary 
field differs by 45° from that of the primary field. 

Polarization of the secondary field 

Examination of the secondary field components in the space around 
the source dipole shows that the horizontal and vertical components do not 
have the same phase. This leads to the conclusion that the secondary field 
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Figure 4. Elliptical polarization of the secondary magnetic field. The ellipse 
axes are drawn to a logarithmic scale as shown. One division of 
the scale represents a factor of 10. 

is elliptically polarized. The axes and tilt-angles of the polarization ellipse 
were calculated for several values of OC and several points in space. 

The results are illustrated in Figure 4 with the ellipse axes plotted 
to a logarithmic scale as shown on the diagram. Since one division on the 
scale rep re sen ts a factor of 1 0, it can be seen that, in most cases, the 
secondary field exhibits a high degree of ellipticity. 
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Figure 7 . Amplitude of the complex eddy current distrubtion. 

EDDY CURRENT DISTRIBUTION 

The relationship between the tangential magnetic field , H~ at any 

point on the surface of the sheet and the current density, T, , is given by 

Hf (.?)I ~-o = Sl:i_ J;, ( f) (Koefoed and Kegge, 1968). If one considers a 

current element a short distance away from the point of interest, P, it is 
obvious that the contribution of this current element to the magnetic field at 
P is entirely in the v ·ertical direction because the sheet is thin. Therefore 
the tangential (or horizontal) component is due only to the current in the 
immediate vicinity of P. 

Then for a given height, h, of the source dipole above the sheet, 
the eddy current distribution is proportional to the dimensionless response 
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Figure 8. Phase of the complex eddy current distribution. 

4 rrh.
3 

Ho> (since z = O, I= h). The eddy current distribution is plotted 
m ~ 

in arbitrary units in Figure 5 for several values of OC . The graphs are 
presented in such a manner as to compare the in-phase and quadrature 
components of the current distribution and also to demonstrate the ring-like 
nature of the eddy currents. The flattening and enlarging of the rings as ex. 
decreas es are also apparent from this graph. Notice thatthe rings of inphase 
current are larger than the rings of quadrature current, The positions of the 
peaks of the eddy current profiles are shown in Figure 6. Figure 7 is a graph 
of the total amplitude of the eddy currents in the same arbitrary units. In 
Figure 8, the phase of the induced current with respect to the primary field, 
clearly shows the change from a phase lag to a phase lead at a distance from 
the source dipole. 

A rough calculation based on the contribution of annular segments 
of the eddy current distribution to the vertical secondary field component at 
5' = 0 was made. It shows, for example, that a circular, thin disc whose 

radius, R, is such that R/h~ 5 will respond with approximately 97 per cent 
of the full response of a sheet of infinite extent for a value of OC= 1. 

VALIDITY OF THE THIN-SHEET HYPOTHESIS 

The degree to which the thin-sheet model represents an actual 
situation where the conductor has finite thickness evidently depends on the 
validity of the physical assumption which defines this model. Here, the 
restriction of the induced current to a horizontal plane immediately implies 
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that the thickness of a physical model must be considerably smaller than 
either the dimension of the measuring system or the skin depth in the sheet 
material at the frequency in question. 

The exact range of parameters for which the thin-sheet hypothesis 
is tenable can only be defined with reference to a particular component 
of the secondary field. Even then, the error caused by this hypothesis does 
not appear predictable a priori and must be determined by comparing the 
"thin-sheet" data with that computed for a sheet of finite thickness. The 
U.S. Geological Survey program (Frischknecht, 1967) can be modified to yield 
results for a conducting layer of any thickness. If for example one chooses 
the quadrature component of either the horizontal or the vertical secondary 
field as the error defining entity then it is found that the "thin-sheet" hypoth
esis is applicable, with an accuracy of about 5 per cent, to physical models 
whose thickness does not exceed either 1 per cent of the system dimension, 

( j; J(h'+~')/.2 ) or 50 per cent of the skin depth in the material. 

In practice, one encounters skin depths, in the overburden, which 
range from 5 to 500 metres while most EM systems have a characteristic 
dimension of about 100 metres. One must then conclude that the "thin-sheet" 
data is only valid for physical models whose thickness does not exceed one 
metre. 

CONCLUSIONS 

The results of a detailed numerical calculation of the secondary 
fields created by the presence of a vertical dipole source above a thin hori
zontal conducting sheet may be summarized as follows: 

(a) The induction parameter value wh'ich yields maximum quadrature 
response for any one secondary field component is also approxi
mately the value which yields a 450 phase shift for that component. 

(b) The secondary field is elliptically polarized to a high degree of 
ellipticity. 

(c) The current distribution in the sheet is annular with a well-defined 
maximum. The position of maximum current density is a function 
of the induction parameter; however, almost all the current is 
contained within a radius equal to five times the height of the source. 

(d) The mathematical "thin-sheet" model can only be used to represent 
physical models whose thickness is very small when compared to 
the EM system dimensions. 

The above summary leads us to conclude that, while thin horizontal 
sheets may be useful in the calibration of scale models, their utility for the 
simulation of overburden response (Lowrie and West, 1965) is limited . When 
used for calibration, the physical dimensions of the sheet need only be one 
order of magnitude larger than the dimensions of the EM system model. 

In considering the physical significance of the results one is tempted 
to visualize the creation of the secondary fields by a single image of the 
source situated below the conductor. The single image concept however is 
valid only at high frequencies (Smythe, 1950, p. 403). At lower frequencies, 
the results presented here indicate that there is no such single image which 
would recede from its inductive (high frequency) limit position much as the 
time-domain model (Grant and West, 1965, p. 500) recedes to infinity with 
increasing time after the sudden application of a primary field. 



- 11 -

REFERENCES 

Duckworth, K. 
1970: Electromagnetic depth sounding applied to mmmg problems; 

Geophysics, vol. 35, No . 6, pp. 1086-1098. 

Fr is chknecht, F. C. 
1967: Fields about an oscillating magnetic dipole over a two-layer 

earth, and application to ground and airborne electromagnetic 
surveys; Quart. Colo. School Mines, vol. 62, No. 1. 

Grant, F.S., and West, G.F. 
1965: Interpretation theory in applied geophysics; McGraw-Hill Book 

Company, New York. 

Hamming, R. W. 
1962: Numerical methods for scientists and engineers; McGraw-Hill 

Book Company, New York. 

Koefoed, 
1968: 

0., and Kegge, G. 
The electrical current pattern induced by an oscillating magnetic 
dipole in a semi-infinite thin plate of infinite simal resistivity; 
Geophy. Prospecting, vol. 16 , No. 1, pp. 144-158. 

Lowrie, 
1965: 

W., and West, G. F. 
The effect of a conducting overburden on e lectromagnetic 
prospecting measurements; Geophysics, vol. 30, No. 4, 
pp. 624-632. 

Smythe, W.R. 
1950: Static and dynamic electricity; McGraw-Hill Book Company, 

New York. 

Wait, J.R. 
19 53: Induction in a conducting sheet by a small current- carrying loop; 

~· Sci. Res., Sec, B, vol, 3, pp. 230-236. 





APPENDIX 

COMPUTED FREQUENCY RESPONSE 

Explanation of symbols: 

A = f /f3 

ALPHA= <J/'• W s(r..+h)/2 
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