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A COMPUTER PROGRAM FOR POLYNOMIAL TREND-SURFACE ANALYSIS 

ABSTRACT 

This program performs most calculations commonly expected of a polynomial trend
surface fitting routine and contains two more or less independent built-in numerical pre
cision tests. In addition, it can print half-confidence intervals for the fitted surfaces and 
evaluate individual residuals for statistical significance. 

Throughout the text it is stressed that this method applies exactly only if the observa
tions satisfy the underlying mathematical model. This condition is rarely realized in prac
tice. The user's judgment will be required to evaluate for his own data the validity of 
approximations resulting from a divergence between mathematical model and geological 
reality. 

RESUME 

Ce programme sert d realiser les calculs normalement attendus d'un ajustement de 
routine algebrique des surfaces representatives et comporte deux tests de precision nu -
merique, integres et plus OU mains independants. II peut egalement imprimer des demi
intervalles de confiance pour les surfaces ajustees et evaluer I 'importance statistique des 
residus individuels. 

Le texte precise que cette methode ne peut s'appliquer avec exactitude que si les 
observations satisfont aux exigences du modele mathematique sous-jacent . Cette condition 
est rarement rea!isee dans la pratique. L'utilisateur devra faire preuve de jugement pour 
evaluer, pour ses propres donnees, la validite des approximations resultant d'une 
divergence entre le modele mathematique et la realite geologique. 

Introduction 

The technique of trend-surface analysis is well
known to earth scientists. The underlying theory is 
relatively simple and clearly explained in publications 
such as Krumbein and Graybill (1965) and Harbaugh 
and Merriam (1968) to which the reader is referred for 
more detailed considerations. In most practical applica
tions, large matrices must be manipulated and a digital 
computer is required for performing the calculations. 

Many computer programs for trend-surface analysis 
are in existence. Published programs, which are docu
mented, include Harbaugh (1963), Whitten (1963), 
Good (1964), O'Leary et al. (1966), Miesch and Con
nor (1968), and Whitten (1974). 

Two sets or systems of computer programs written 
for geologists and including surface-fitting algorithms 
have recently been published in book - form by Koch 
et al. (1972) and Davis (1973). 

The student or research scientist who wishes to fit 
trend surfaces has many computer programs to choose 
from. In fact, he may prefer to prepare his own pro
gram, combining selected features from existing pro
grams with subroutines already available on the com
puter to which he has access. 

Our own procedure for surface-fitting in practice 
has been to maintain one or more FORTRAN programs 
available for immediate usage as required. This is be
cause the technique is used relatively frequently (on 
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a monthly basis) by ourselves, colleagues within the 
Geological Survey, and students at the University of 
Ottawa. The programs have to be periodically revised 
because of modifications in computer hardware or the 
replacement of parts of a program by subroutines be
lieved to be more efficient. 

During the past year, the program documented in 
this report has been operational on the Department of 
Energy, Mines and Resources CYBER 7 4 machine and 
the IBM 360/ 65 of the University of Ottawa. Earlier 
versions have temporarily been used on IBM 360/85, 
UNIVAC 1108 and CDC 6400 machines. 

In order to avoid the introduction of errors into the 
program, new versions are run on one or more standard 
data sets. These consist either of one of the input
output examples appended to published programs or a 
private data set. 

One of our own data sets used for such testing is 
reproduced at the end of this paper together with the 
output obtained for it. The input consists of 174 ensta
tite determinations on orthopyroxene crystals from 
samples collected and studied by C. H. Smith and I. D. 
MacGregor for the Mount Albert Peridotite Intrusion, 
Gaspe, Quebec. (cf. MacGregor and Smith, 1963.) 
The output is a sequence of low-degree polynomial 
trend surfaces, their confidence intervals, analysis 
of variance tables, etc. Much of this material has 
been discussed at greater length elsewhere (Agterberg, 
1964 and 1974). 
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Figure 1 was constructed from output obtained in 
1963 by means of an early predecessor of the present 
program. It shows the shape of the Mount Albert intru
sion, approximate distribution of the sampling points, 
and the cubic trend surface with its 95 per cent half
confidence interval. Today's result as shown in the out
put listing at the end of this paper, is only slightly more 
accurate but it can be obtained much more rapidly. 

The main reason for publishing the present program 
is to make more generally available the technique of 
computing confidence intervals on polynomial trend sur
faces. As far as we know, there are no published com
puter programs in existence with this useful auxiliary 
tool. It can be helpful for the evaluation of both trend 
surfaces and residuals. There have been some demands 
for this technique. For example, Tinkler (1969) has 
stated for confidence intervals that "these are exceedingly 
difficult to calculate when n is large and the surface is 
higher than linear in order. Until computer programs 
are generally available, this approach cannot be used" 
(n =number of observations). 

This paper presents a general discussion of the 
capability of the present program followed by a detailed 
mathematical documentation of some parts of the program 
mainly where it differs from other published programs. 
The final part of the report consists of detailed input 
preparation instructions, the example of input and out
put , and a complete listing of the computer program. 

Usage of confidence intervals 

The following word of caution remains in order. 
Trend-surface analysis is perhaps the most widely used 
computer-based method in geology and it has been the 
subject of considerable controversy. Criticisms arise 
mainly from the fact that the polynomial trend surfaces 
can be fitted to almost any set of data when the observa
tion points are areally distributed on a map. The re
sulting contour maps can be partly or entirely meaning
less. Analysis of variance is sometimes used as an aid 
to decide where to cut off the two-dimensional polynomial 
series. 

50,000 w 20,000 w 

However, autocorrelation effects would have to be 
considered during the fitting not only for their influence 
on the trend surface itself but also with respect to their 
stronger effect on the analysis of variance results and 
confidence intervals. When the residuals are autocor
related a high F-ratio, e. g. for the step of proceeding 
from a quadratic to a cubic fit, may not be a valid cri
terion for cut-off. (cf. Agterberg, 1964.) 

At present, these effects can only be evaluated by 
approximate methods, because of a lack of more rigorous 
statistical tests that are easy to use. The best test that 
a trend really exists may be simply its reproducibility 
from subsets of data, or its emergence from polynomial 
equations of several different degrees. 

Trend-surface analysis has been most frequently 
applied and is probably most useful when there are 
relatively few data available for statistical analysis and 
when these data are known to be subject to considerable 
random variability (noise). If measurements are very 
abundant, it may be satisfactory to employ a standard 
contouring program that fits an irregular surface to all 
or most of the observed variability. If the data remain 
noisy on a local level, such contouring would not make 
sense but then a simple moving averaging technique 
can be useful. 

The possible drawbacks of trend surfaces are 
relatively well-known. Confidence intervals on trend 
surfaces are even harder to interpret than the trend 
surfaces themselves. This is because they are much 
more sensitive to departures from the basic model con
sisting of a true polynomial trend surface with random 
residuals that are normally distributed. 

For the graphical representation of confidence in
tervals, we have used the procedures illustrated in 
Figure 1. Suppose that the values on the trend surface 
(Fig. 1, left side) are called Tk and values on the 95 per 
cent half-confidence interval (right side) for correspond
ing points (k) are called Ck· The 95 per cent - confi
dence interval for the trend surface Tk then is given by 
Tk ±Ck· This confidence interval applies to the entire 
trend surface. Strictly speaking it means that there is a 
95 per cent probability that the "true" trend surface (of 

- 20,000 s 
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Figure 1. 
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Outline of Mount Albert peridotite intrusion; cubic trend-surface and its 95 per cent half
confidence interval for Mg-content of orthopyroxene. Dots indicate locations of specimens 
(from Agterberg, 1964). 



degree 3 in Fig. 1) does not anywhere intersect the con
fidence interval Tk ± Ck placed around the calculated 
surface Tk. 

A confidence interval is readily computed as a 
companion to any fitted trend surface. However, it is 
only meaningful if a fairly correct trend has been found 
and if the other conditions of the basic model (no auto
correlation, normality of residuals) are at least 
approximately satisfied. In the output example at the 
end of the paper, the linear trend surface provides a 
poor fit. Nevertheless, its confidence interval is nar
rower than those for the quadratic and cubic surfaces 
which are more meaningful. Of course, this does not 
mean that the linear surface is more reliable than the 
higher-degree surfaces. 

Trend-surface analysis is based on the ordinary 
least squares method. Because of the Gauss-Markov 
theorem, normality of the random variable is not a 
prerequisite for obtaining the best linear unbiased 
estimate (BLUE) although the variance of the residuals 
should theoretically be constant. In order to apply 
analysis of variance or use confidence intervals, the 
stronger assumption of normality has to be made. Also, 
if the residuals are autocorrelated according to a homo
geneous autocorrelation function, the trend surface pro
vides a fit that is unbiased although the minimum vari
ance property has been lost. On the other hand, the 
confidence interval will always be biased (too narrow) 
when the residuals are autocorrelated. 

Another drawback of using confidence intervals 
is that the underlying statistical theory is not elementary. 
Excellent coverage of the subject has been given by 
Miller (1966) in a monograph for advanced students. 
The subject has never been fully explained in intro
ductory textbooks. Wonnacott and Wonnacott (1970) 
have succeeded in presenting a clear discussion of 
the problem but omit mathematical proofs. 

The confidence interval for a straight line is a 
hyperbola the equation of which was originally derived 
by Working and Hotelling (1929) . This case is treated 
in great detail by Kendall and Stuart (1961, p. 365-370) 
with the proofs exceeding four pages of text . Scheffe 
(1953) and Roy and Bose (1953) originally provided the 
equations of theff - confidence intervals on which our 
result is based. Krumbein (1963) was the first to make 
a practical application of confidence intervals as applied 
to trend surfaces. The reader interested in pursuing 
the theory of the subject is referred to Miller (1966) who 
has provided two kinds of mathematical proofs, one alge
braic and the other geometric (Miller, 1966, e . g., p. 
63-67). 

It seems that the preceding drawbacks have pre
vented the widespread application of confidence intervals. 
Howarth (1967) stated: "Confidence limits can be cal
culated (Krumbein and Graybill, 1965, p. 340-345), but 
this is a complex procedure and the results might be 
difficult to use in practice". It seems that the latest 
newly computed confidence interval depicted in print 
was by Agterberg et al. (1967). We are now providing 
an algorithm for the automatic computation of confidence 
intervals, because this constitutes useful auxiliary in
formation provided that the results are interpreted with 
caution. 

In recent publications by Doveton and Parsley (1970) 
and Davis (1973), it has been emphasized that the con
tours of polynomial trend surfaces fitted to sets of ran
dom data have a distinct tendency to follow the margins 
of the clusters of observation points. These authors 
have stressed that in many geologic applications of trend 
surface analysis, the observation points are confined to 
a geologic entity such as an igneous body with distinct 
boundaries. Under such circumstances, even random 
data would yield contours tending to be parallel to the 
geological discontinuities and such phenomena might 
be easily misinterpreted. 

Strong edge effects are normally predicted by con
fidence intervals as illustrated in the example of Figure 
1. The evaluation of edge effects may in fact be the 
main purpose of computing confidence intervals. In 
places where the values on the plotted half-confidence 
interval are relatively large, a computed trend surface 
is bound to be unreliable. 

The following problem concerning residuals is also 
closely related to that of the edge effects. It seems that, 
so far, it has not been considered in print in the con
text of polynomial trend surfaces. A. good interpretation 
of the so-called residual variance (mean square for 
residuals in analysis of variance table) is that it expresses 
the scatter of the residuals about their mean value which 
is equal to zero. It can be informative to represent the 
residuals by means of a histogram or to plot them again~t 
the calculated values. They may be subjected to a nor
mality test. However, in absolute value the residuals 
may decrease sharply at the edges of the cluster of ob
servation points. The theory of the relationship between 
the width of confidence intervals for residuals and the 
values assumed by the independent v ariables is well
known (e. g. Draper and Smith, 1968, p. 93- 94). 

In most applied statistical regression runs, changes 
in width of confidence intervals on residuals can be 
neglected. Some trend-surface applications may provide 
an exception to this rule, especially if the observation 
points are irregularly distributed. For example, if a 
single observation point occurs at some distance from 
the cluster of observation points, then its residual is 
relatively close to zero. In particular, a higher-degree 
trend surface has a distinct tendency to pass exactly 
through values at isolated observation points. This 
may make it difficult or impossible to evaluate for statis
tical significance the value of a residual near the edge 
of the cluster of observation points. For this reason, 
we have provided every residual with its own t - test. 
These values form the last column in the optional print
out of the list of residuals. 

Discussion of Input-Output ; 
precision of algorithms 

The following explanations are in addition to those 
given in the list of Input Data Description and the ex
ample. Care was taken to ensure that the calculations 
were accurate, especially for higher-degree surfaces, 
by subjecting results particularly sensitive to distor 
tions due to the propagation of round-off errors to two 
more or less independent tests for numerical precision 
(see below). 
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Our program uses single precision (approx. 14 
significant digits) on a CDC - machine with 60 bit word
length. It may be wise to use double-precision when 
the program is converted for usage on other machines, 
e. g. IBM 360s where single precision corresponds to 
approximately 7 significant digits. 

In the input one needs to specify the degree of the 
trend surface to be computed. Unless the dimension 
statements are changed, 8 is the highest degree per
mitted in the program. It should be kept in mind that 
usually several lower-degree surfaces produce more 
tractable results than a single higher-degree surface. 
After selecting a maximum degree, most users will 
wish to estimate simultaneously all surfaces of lower 
degrees from the linear surface upward. 

A well-known problem of polynomial trend-surface 
analysis is that it can be very difficult to obtain a nu
merically precise estimate of the inverse matrix for 
higher-degree surfaces. This is a problem of multicol
linearity. In general, there exists one or more approx
imately linear or even exactly linear relationships be
tween larger groups of variables all of which are func
tions of powers of only two variables (geographic co
ordinates). It may be useful to employ orthogonal poly
nomials or other methods such as consideration of the 
eigenvalues and eigenvectors to attack the problem of 
multicollinearity. However, no method is entirely fool
proof for all situations and some, rather arbitrary, 
cut-off levels may have. to be set. 

It is well-known that some of the problems of an im
precise inverse can be avoided by re-scaling of the 
independent variables. We have standardized all inde
pendent variables so that the matrix to be inverted is 
always the correlation matrix. An additional advantage 
of this procedure is that it becomes possible to apply 
the same multicollinearity test in different situations. 
The standard Doolittle method is used for matrix inver
sion but a variable is eliminated when its pivotal element 
is less than 10-8. This procedure becomes comparable 
with the one used by Efroymson (1967) when the level 
of significance for Efroymson's F-test is set equal to 
zero. The latter author has stated that he obtained 
good results for multiple regression by choosing a tol
erance value between 0. 001 and 0. 00001. We have 
chosen a lower cut-off value because the problem is 
especially severe in trend-surface analysis. When two 
or more variables are eliminated because of this test, a 
run is completely terminated. In the example this hap
pened after degree 5, although the initial specification 
was to compute trend surfaces up to and including de
gree 6. 

A second, more or less independent test of the pre
cision of the inverse matrix consists of postmultiplication 
of the computed inverse by its original matrix. This 
should yield the identity matrix. A warning will appear 
in the output of the program when one or more of the 
elements in this product matrix deviate by more than 
O. 001 from corresponding elements in the identity matrix. 
However, a run is not terminated if this should happen. 

A normal output consists of a sequence of results 
for polynomial surfaces of increasing degrees. The 
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analysis of variance table in the output permits three 
of the more frequently used tests for statistical evalua
tion of the "strength" of a trend surface or difference 
between two successive trend surfaces. These three 
methods are discussed below and illustrated by the re
sults for the example. 

1. The multiple correlation coefficient squared 
(R2) increases as follows: 0. 217 (degree 1), 0. 389 
(degree 2), 0. 490 (degree 3), 0. 519 (degree 4), 0. 536 
(degree 5) . After cubic fit R2 starts levelling off. 

2. The residual variance (=mean square due to 
residuals) shows the following pattern: 3. 13 (degree 0), 
2.47 (degree 1), 1.97 (degree 2), 1.68 (degree 3), 
1. 63 (degree 4), 1. 64 (degree 5). If one bases the 
choice of the "best" degree on this test, the quartic 
trend surface would be selected because it results in 
the minimum residual variance. However, the values 
for the cubic and quintic fits are very close to that for 
the quartic. 

3. The best-k'nown statistical test is stepwise anal
ysis of variance. The F-ratios computed for successive 
steps are: 23. 8 (1), 15. 9 (2), 8. 1 (3), 1. 9 (4), 0. 9 (5). 
The corresponding values along the probability axes 
of the (cumulative) F-distributions for appropriate 
numbers of degrees of freedom are: 100 per cent (de
gree 1), 100 per cent (degree 2), 100 per cent (degree 
3), 91 per cent (degree 4), 50 per cent (degree 5). It 
seems obvious that the cubic trend surface should be 
selected according to this test. 

A convenient feature of our program is that it auto
matically converts computed t- and F-values into the 
corresponding percentage values. The inverse compu
tation is also performed when needed. The equations 
required for these numerical calculations were taken 
from Abramowitz and Stegun (1964). The resulting 
approximations are quite satisfactory for most practical 
applications. It should be kept in mind, however, that 
the series expansion underlying the inverse formula of 
computing F-values from prespecified probabilities 
does not provide a very good approximation. In order 
to compute confidence intervals on trend surfaces, an 
F O. 95 for the appropriate degrees of freedom has to be 
known in advance. (The same applies to the t-test for 
residuals.) The necessary values can be taken from 
the tables listed at the end of the Input Data Description. 
The print-out for these values will indicate the quality 
of the selected value. If no table-value is included in 
the input, the program will automatically compute a 
value for any prespecified per cent confidence. How
ever, this calculation is crude because it is based on 
the inverse formula. This crudeness is evaluated by 
recomputing the percentage value and the result should 
be close to the percentage value for confidence selected 
by the user. For example, the 95 per cent half-confidence 
interval for the cubic trend surface in the output is 
actually a 95. 082 per cent half-confidence interval. A 
slightly more accurate value could be obtained by includ
ing the correct table value in the input but this gain in 
precision is negligibly small. However, the discrep
ancy becomes greater for F-ratios with lesser numbers 
of degrees of freedom. 



Explanation of main algorithms 

Let us consider n observations Yi at points Cui, vi) on a two-dimensional geographic 
rectangular grid. The polynomial trend surface of degree d in two-dimensional space is 
defined as follows; 

Yi= f(ui,Vi;d) +ei for i = 1, ... , n (1) 

d 1-
where f(u, v; d) = L L Bj u A-µ v\J 

1-=o µ=o 

is the dth -degree polynomial with two variables u and v, 

!- d 

with unknown coefficients B. , 
J 

j = µ +L: k to be estimated for j = 0, . . . , p=d+ L k, 
~o ~o 

and where ei are independent random variables with E ( ei ) = 0 and unknown constant 
variance Var ( ei ) = a2 for all i = 1, ... , n. 

d A 
For simplification, let p = d + L k , j = µ + L k and Xji = ui >--µViµ 

k=o k=o 
for all µ = 0, 1, :\ and A = 0, 1, ... , d. Let 

r::J rn 
l xot'n xpl] l :I] XQ2 X12 x 2 

y e = x ) xnd B 

xOn xln pn 

Then, the model (1) for given d is written as 

Y =X 8 +e (2) 

with E (e) = 0 and Var (e) = a2 I. 
Thus, the least squares (LS) estimator b of 8 is the best (minimum variance) linear unbi
ased estimator (BLUE) by the Gauss-Markov theorem and 

b = ( X'X ) - l X'Y (3) 

provided that ( X' X ) - 1 exists. 

However, even if ( X' X ) -1 exists, a direct computation of b in ( 3 ) for higher degrees 
and with large quantities of data, can cause entirely invalid results due to rounding er
rors. In particular, when the numbers in the matrix ( X'X ) are of different orders of 
magnitudes, it may be very difficult to obtain significantly· valid inverse matrix. Thus, 
in our program, b is computed by using the correlation matrix R and b is written as; 

[ 

y - V syy D'S-lR-lRYJ 

b .~ S-lR-lR 
v -yy Y 

where 

D 

s . . s. 
1. iy 

r .. r 
s ) ; 1.J 

(sii s . . ) :-; yi 
(s .. 

JJ 1.1. yy 

n 
s .. I: xik - x. xjk - x.) 

1.J k=o 1. J 

continued .... 
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s 
yy 

n 

I: 
k=o 

n 

I: 
k=o 

- 2 
( yk - y) for all i, j = 1, .. . , p. 

When the problem of multicollinearity occurs, that is, when an independent variable 
is approximately or exactly a linear combination of other independent variables, the cor
relation matrix is almost singular or singular. Then the computer run will be terminated. 

A standard type of analysis of variance table is printed for every degree. It contains 
the multiple correlation coefficient and the mean square of residuals, s2 which will be 
used as an estimator of the unknown constant variance a2. 

The variance-covariance matrix Var (b) of b is decomposed into 

Var(b) 

where 

Cov(b
0

, c ') 

Var (c) 

c' (b ... 
l' b ) 

p 

-1 -1 
= .rn- S R R 

v yy y 

Var(c) 

Cov(b
0

, c) 
2 =- a 

Thus, 

Var(b) 

-1 -1 -1 ] -S R S D 

-1 -1 -1 
S R S 

However, we also know that Var(b) = a2(X'X)-l since b = (X'X)-lX'Y. 
Hence, 

(X'X)-l 

and the estimator of V ar (b) is 

Var (b) = s2 (X'X)-1. 
2 

Let us denote as cj+l the (j+l)th diagonal element of the matrix s2 (X'X)- 1; Cj+l is the 
standard deviation of bi for j=O, 1, 2, . .. , p. 

It must be emphasized that the LS estimator b for f3 should be used with caution. First 
of all, when the underlying distribution of the observations is known, the LS estimator 
b is not always to be recommended because the b is not the BLUE in most of the situations. 
In some cases, other estimators should be utilized, for instance, the maximum likelihood 
estimator. For a normal population, the LS estimator b is the BLUE and it also coincides 
with the maximum likelihood estimator . However, when the underlying distribution is 
not known, the LS estimator b is the BLUE under the two assumptions of independence and 
constant variance. If the distribution is not known and the observations do not satisfy 
one or both of these assumptions, that is, if the observations are autocorrelated or do not 
have a constant variance, then the generalized least squares (GLS) estimator or the 
weighted least squares (WLS) estimator should be used, respectively. Under those cir
cumstances, the GLS and WLS estimators are BLUEs. 



When we make the normality assumption for the underlying distribution of observations 
together with the independence and constant variance assumptions, we have the following 
results. Let 

Y - N C X S, 021 ) 

where N (X S, 021) denotes a normal distribution with E (Y) = X S, and Var (Y) = 021. Then, 
since b = (X'X)-lX'Y, E(b) = Sand 

b - N(S, o2(X'X)-1) 

It follows that 

b-. - 8. 
J J 

cj+l 
t (n-m) 

where t (n-m) is the t-distribution with (n-m) degrees of freedom and m = p + 1. 
Thus, the confidence interval for Sj is obtained by 

for a given significance level a for all j = 0, 1, ... , p. 
Likewise, since e = (I - X(X ' X)-lX')Y, E(e) = e, 

Var(e) = o2 (I - X(X'X)-1X 1
) and 

e - N(e, o2 (I - X(X'X)-lX') ) 

Hence 

- t(n-m) 

so that the confidence interval for ei is given by 

-1 ~ 1 ~ 
(e . - s (l- x. ' (X'X) x.) ti (n- m), el.. + s (l- x' (X ' X)-xl..) ti CI. (n-m)) 

l. l. l. :>:Cl. i :>: 

for a given significance level a for all i = 1, 2, ... , n. 
Furthermore, the quadratic form 

CS - b)' (X'X) CS - b) - x2(m) and also 

(n-m) s2 - x2 (n-m) 

where x2 (m) is Chi-square distribution with m degrees of freedom, lead to the ratio 

CB - b) ' ( x IX) CS - b) 

m s 2 
F (m, n-m) 

where F (m, n-m) is the F-distribution with m and (n-m) degrees of freedom. The confi
dence region Qa of S in the m-dimensional parameter space, for a given a can be obtained 
from 

{
o m 

QC!. = 8 E R I 
0 0 2 } 

( 8 - b)' (X'X) (8 - b) ~ms FCl.(m, n-m) 

Since (X'X) is a positive definite matrix, Qa forms an m-dimensional hyperellipsoid of 
which the semi-axes are the square roots of eigen-values of (X'X) in the parameter space. 
The ellipsoid can be transposed into the original m-dimensional observation (Y, X) space. 
The translated representation of Qa in our observation space which consists of the m 
dimensional hyperplanes generated by the linear combinations of q £ Qa will be 

P a = { P' = (P0 , P 1, .. . , Pm-l) £ Rm l P0 c Ir = (C(r), f+(r))} 

where r' = (1, P1, P 2, ... , Pm_ 1), C (r) = b'r - w! and f+(r) = b'r + w! with w = m s2 
F a (m, n-m) r' (X'X)- lr. P a is called a half-confidence interval of the polynomial trend 
surface for a given significance level a. 

7 



It can be shown that 

for z' = (1, z1 •... , zm-1) E Rm and q E Q cv let h = (z'q, z1 •... , Zm-1), then h E Pa· 

On the other hand, for h = (h0 , h 1 • ... , hm-1) E Pa there exists at least one q £ Qa 
such that h0 = (1, hi, ... , hm-l)q. 

For a polynomial trend-surface any vector z' = (1, z1, ... , zm-l) £Rm is 
uniquely generated by one point (u, v) in two-dimensional space, i. e. , z' 

= (1, u, v, u2, uv, v 2, ... , vd). Thus the half-confidence interval can be easily 

shown in two-dimensional space. At each map point, (u,v), (m s 2F (m, n-m)z' (X'X)-1 
z) t is computed and these values are plotted as a half-confidence interval. 
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APPENDIX II 

Statistical tables for input preparation for confidence intervals. 

n-m 

Probability 
in per 

cent 

Degrees of 
freedom 

1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
40 
50 
60 
80 

100 
200 
500 

Fractiles of the t-distribution 

95 97.5 99.5 

6. 314 12. 71 63.66 
2.920 4. 303 9.925 
2. 353 3. 182 5.841 
2. 132 2. 776 4.604 

2. 015 2. 571 4.032 
1. 943 2.447 3.707 
1. 895 2. 365 3.499 
1. 860 2. 306 3. 355 
1. 833 2. 262 3.250 

1. 812 2. 228 3. 169 
1. 796 2. 201 3. 106 
1. 782 2. 179 3. 055 
1. 771 2. 160 3. 012 
1. 761 2. 145 2. 977 

1. 753 2. 131 2.947 
1. 746 2.120 2.921 
1. 740 2. 110 2. 898 
1. 734 2. 101 2. 878 
1. 729 2. 093 2. 861 

1. 725 2. 086 2.845 
1. 721 2. 080 2. 831 
1. 717 2. 074 2.819 
1. 714 2.069 2. 807 
1. 711 2. 064 2.797 

1. 708 2.060 2. 787 
1. 706 2. 056 2.779 
1. 703 2. 052 2. 771 
1. 701 2. 048 2. 763 
1. 699 2. 045 2. 756 

1. 697 2. 042 2. 750 
1. 684 2.021 2. 704 
1. 676 2. 009 2. 678 
1. 671 2.000 2. 660 
1. 664 1. 990 2. 639 

1. 660 1. 984 2. 626 
1. 653 1. 972 2. 601 
1. 648 1. 965 2. 586 
1. 645 1. 960 2. 576 



Degrees 
of 

freedom 

n - m 

1 
2 
3 
4 

5 

6 
7 

8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

22 
24 
26 
28 
30 

40 
50 
60 
80 

100 

200 
500 

Degrees 
of 

freedom 

n-m 

1 
2 
3 
4 
5 

Linear 

equation 

m = 3 

53. 6 
9. 16 
5. 39 
4. 19 
3 .. 62 

3. 29 
3. 07 
2. 92 
2. 81 
2. 73 

2. 66 
2. 61 
2. 56 
2. 52 
2. 49 

2.46 
2. 44 
2. 42 
2.40 
2. 38 

2. 35 
2. 33 
2. 31 
2. 29 
2. 28 

2. 23 
2. 20 
2. 18 
2. 15 
2. 14 

2. 11 
2. 10 
2. 08 

Linear 

equation 

m = 3 

216 
19. 2 
9. 28 
6. 59 
5. 41 

90 per cent fractiles of the F-distribution 

Quadratic 

equation 

m = 6 

58.2 
9. 33 
5. 28 
4.01 
3.40 

3.05 
2. 83 
2.67 
2. 55 
2.46 

2. 39 
2. 33 
2. 28 
2. 24 
2. 21 

2. 18 
2. 15 
2. 13 
2. 11 
2. 09 

2.06 
2. 04 
2. 01 
2. 00 
1. 98 

1. 93 
1. 90 
1. 87 
1. 85 
1. 83 

1. 80 
1. 79 
1. 77 

Cubic 

equation 

m = 10 

60. 2 
9. 39 
5.23 
3.92 
3. 30 

2. 94 
2.70 
2. 54 
2. 42 
2. 32 

2. 25 
2. 19 
2. 14 
2. 10 
2. 06 

2. 03 
2.00 
1. 98 
1. 96 
1. 94 

1. 90 
1. 88 
1. 86 
1. 84 
1. 82 

1. 76 
1. 73 
1. 71 
1. 68 
1. 66 

1. 63 
1. 61 
1. 60 

Quartic 

equation 

m = 15 

61. 2 
9. 42 
5. 20 
3. 87 
3. 24 

2. 87 
2.63 
2. 46 
2. 34 
2. 24 

2. 17 
2. 10 
2. 05 
2. 01 
1. 97 

1. 94 
1. 91 
1. 89 
1. 86 
1. 84 

1. 81 
1. 78 
1. 76 
1. 74 
1. 72 

1. 66 
1. 63 
1. 60 
1. 57 
1. 56 

1. 52 
1. 50 
1. 49 

Quintic 

equation 

m = 21 

61. 7 
9. 44 
5. 18 
3.84 
3. 21 

2. 84 
2.59 
2. 42 
2. 30 
2.20 

2. 12 
2. 06 
2. 01 
1. 96 
1. 92 

1. 89 
1. 86 
1. 84 
1. 81 
1. 79 

1. 76 
1. 73 
1. 71 
1. 69 
1. 67 

1. 61 
1. 57 
1. 54 
1. 51 
1. 49 

1. 46 
1. 44 
1. 42 

Sextic 

equation 

m = 28 

62. 3 
9.46 
5. 17 
3. 82 
3. 17 

2.80 
2. 56 
2. 38 
2. 25 
2. 16 

2.08 
2. 01 
1. 96 
1. 91 
1. 87 

1. 84 
1. 81 
1. 78 
1. 76 
1. 74 

1. 70 
1. 67 
1. 65 
1. 63 
1. 61 

1. 54 
1. 50 
1. 48 
1. 44 
1. 42 

1. 38 
1. 38 
1. 34 

95 per cent fractiles of the F - distribution 

Quadratic 

equation 

m = 6 

234 
19. 3 

8. 94 
6. 16 
4. 95 

Cubic Quartic Quintic Sextic 

equation equation equa tion equation 

m = 10 m = 15 m = 21 m = 28 

242 246 248 250 
19.4 19.4 19.4 19.5 

8. 79 8.70 8.66 8. 62 
5.96 5. 86 5.80 5.75 
4.74 4.62 4. 55 4. 50 

13 



95 per cent fractiles of the F-distribution (cont'd) 

14 

Degrees 
of 

freedom 

n-m 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

32 
34 
36 
38 
40 

42 
44 
46 
48 
50 

55 
60 
65 
70 
80 

90 
100 
125 
150 
200 

Linear 

equation 

m = 3 

4.76 
4.35 
4. 07 
3. 86 
3. 71 

3.59 
3.49 
3.41 
3.34 
3. 29 

3.24 
3. 20 
3. 16 
3. 13 
3. 10 

3.07 
3. 05 
3. 03 
3. 01 
2. 99 

2. 98 
2. 96 
2. 95 
2. 93 
2. 92 

2.90 
2. 88 
2. 87 
2. 85 
2. 84 

2. 83 
2.82 
2. 81 
2.80 
2.79 

2. 77 
2.76 
2.75 
2.74 
2. 72 

2. 71 
2. 70 
2.68 
2. 66 
2. 65 

Quadratic 

equation 

m = 6 

4.28 
3. 87 
3. 58 
3. 37 
3. 22 

3.09 
3.00 
2. 92 
2. 85 
2. 79 

2. 74 
2. 70 
2. 66 
2. 63 
2. 60 

2. 57 
2. 55 
2. 53 
2. 51 
2.49 

2.47 
2. 46 
2.45 
2.43 
2.42 

2.40 
2. 38 
2. 36 
2. 35 
2. 34 

2. 32 
2. 31 
2.30 
2. 29 
2. 29 

2. 27 
2. 25 
2. 24 
2. 23 
2. 21 

2. 20 
2. 19 
2. 17 
2. 16 
2. 14 

Cubic 

equation 

m = 10 

4.06 
3.64 
3. 35 
3. 14 
2. 98 

2. 85 
2. 75 
2. 67 
2.60 
2. 54 

2.49 
2.45 
2.41 
2. 38 
2. 35 

2.32 
2.30 
2. 27 
2. 25 
2. 24 

2. 22 
2. 20 
2. 19 
2. 18 
2. 16 

2. 14 
2. 12 
2. 11 
2. 09 
2. 08 

2. 06 
2. 05 
2. 04 
2. 03 
2. 03 

2. 01 
1. 99 
1. 98 
1. 97 
1. 95 

1. 94 
1. 93 
1. 91 
1. 89 
1. 88 

Quartic 

equation 

m = 15 

3. 94 
3. 51 
3. 22 
3. 01 
2. 85 

2. 72 
2.62 
2.53 
2.46 
2.40 

2. 35 
2.31 
2. 27 
2. 23 
2.20 

2. 18 
2. 15 
2. 13 
2. 11 
2. 09 

2.07 
2. 06 
2. 04 
2. 03 
2. 01 

1. 99 
1. 97 
1. 95 
1. 94 
1. 92 

1. 91 
1. 90 
1. 89 
1. 88 
1. 87 

1. 85 
1. 84 
1. 82 
1. 81 
1. 79 

1. 78 
1. 77 
1. 75 
1. 73 
1. 72 

Quintic 

equation 

m = 21 

3.87 
3.44 
3. 14 
2. 93 
2. 76 

2. 64 
2. 53 
2.45 
2. 38 
2. 32 

2. 27 
2. 22 
2. 18 
2. 15 
2. 11 

2. 09 
2. 06 
2. 04 
2. 02 
2. 00 

1. 98 
1. 96 
1. 95 
1. 93 
1. 92 

1. 89 
1. 88 
1. 86 
1. 84 
1. 83 

1. 82 
1. 80 
1. 79 
1. 78 
1. 77 

1. 75 
1. 73 
1. 72 
1. 71 
1. 69 

1. 67 
1. 66 
1. 64 
1. 63 
1. 61 

Sextic 

equation 

m = 28 

3.82 
3.39 
3. 09 
2. 87 
2. 71 

2. 58 
2.48 
2. 39 
2. 32 
2. 26 

2. 21 
2. 16 
2. 12 
2. 08 
2. 05 

2. 02 
2.00 
1. 97 
1. 95 
1. 93 

1. 91 
1. 90 
1. 88 
1. 87 
1. 85 

1. 83 
1. 80 
1. 79 
1. 77 
1. 76 

1. 74 
1. 73 
1. 72 
1. 71 
1. 70 

1. 68 
1. 66 
1. 65 
1. 64 
1. 62 

1. 60 
1. 59 
1. 57 
1. 55 
1. 53 



95 per cent fractiles of the F-distribution (cont'd) 

Degrees 
of 

freedom 

n-m 

300 
500 

1000 

Linear 

equation 

m = 3 

2. 63 
2. 62 
2. 61 
2.60 

Quadratic 

equation 

m = 6 

2. 13 
2.12 
2. 11 
2. 10 

Cubic 

equation 

m = 10 

1. 86 
1. 85 
1. 84 
1. 83 

Quartic 

equation 

m = 15 

1. 70 
1. 69 
1. 68 
1. 67 

Quintic 

equation 

m = 21 

1. 60 
1. 58 
1. 57 
1. 56 

Sextic 

equation 

m = 28 

1. 51 
1. 50 
1. 49 
1. 48 

99 per cent fractiles of the F-distribution 

Degrees 
of 

freedom 

n-m 

1 
2 
3 
4 

5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

32 
34 
36 
38 

Linear 

equation 

m = 3 

540 
99. 2 
29. 5 
16. 7 
12. 1 

9. 78 
8.45 
7. 59 
6. 99 
6. 55 

6.22 
5.95 
5. 74 
5. 56 
5.42 

5. 29 
5. 18 
5. 09 
5. 01 
4. 94 

4. 87 
4. 82 
4. 76 
4. 72 
4.86 

4.64 
4. 60 
4.57 
4. 54 
4. 51 

4.46 
4.42 
4. 38 
4. 34 

Quadratic 

equation 

m = 6 

586 
99.3 
27.9 
15. 2 
10. 7 

8. 47 
7. 19 
6. 37 
5.80 
5. 39 

5. 07 
4.82 
4.62 
4.46 
4. 32 

4.20 
4. 10 
4. 01 
3.94 
3. 87 

3.81 
3.76 
3.71 
3.67 
3. 63 

3. 59 
3. 56 
3. 53 
3.50 
3.47 

3.43 
3. 39 
3. 35 
3. 32 

Cubic Quartic Quintic Sextic 

equation equation equation equation 

m = 10 m = 15 m = 21 m = 28 

606 616 621. 5 625 
99. 4 99. 4 99. 45 99. 5 
27. 2 26. 9 26. 65 26. 5 
14. 5 14. 2 14. 0 13. 9 
10. 1 9. 72 9. 53 9. 40 

7.87 7.56 7.37 7.25 
6. 62 6. 31 6. 13 6. 02 
5. 81 5. 52 5. 34 5. 22 
5. 26 4. 96 4. 79 4. 67 
4. 85 4. 56 4. 39 4. 27 

4. 54 4. 25 4. 08 3. 96 
4. 30 4. 01 3. 84 3. 72 
4. 10 3. 82 3. 64 3. 53 
3. 94 3. 66 3. 49 3. 37 
3. 80 3. 52 3. 85 3. 24 

3. 69 3. 41 3. 24 3. 12 
3. 59 3. 31 3. 14 3. 03 
3. 51 3. 23 3. 06 2. 94 
3. 43 3. 15 2. 98 2. 87 
3. 37 3. 09 2. 92 2. 80 

3. 31 3. 03 2. 86 2. 74 
3. 26 2. 98 2. 80 2. 69 
3.21 2.93 2.76 2.64 
3. 17 2. 89 2. 72 2. 60 
3.13 2.85 2.68 2.56 

3. 09 2. 82 2. 64 2. 53 
3.06 2. 78 2. 61 2.49 
3.03 2.75 2.58 2.46 
3. 00 2. 73 2. 55 2. 44 
2. 98 2. 70 2. 53 2. 41 

2. 93 2. 66 2. 48 2. 36 
2. 89 2. 62 2. 44 2. 32 
2. 86 2. 58 2.40 2. 29 
2. 83 2. 55 2. 38 2. 26 
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99 per cent fractiles of the F-distribution (cont'd) 

Degrees Linear Quadratic Cubic Quartic Quintic Sextic 
of 

freedom equation equation equation equation equation equation 

n-m m = 3 m = 6 m = 10 m = 15 m = 21 m = 28 

40 4. 31 3. 29 2.80 2. 52 3. 35 2. 23 

42 4.29 3.27 2.78 2. 50 2. 32 2. 20 
44 4. 26 3. 24 2. 75 2.47 2. 30 2. 18 
46 4.24 3. 22 2. 73 2.45 2. 28 2. 16 
48 4. 22 3. 20 2. 72 2.44 2.26 2. 14 
50 4.20 3. 19 2.70 2.42 2. 25 2. 12 

55 4. 16 3. 15 2. 66 2. 38 2. 20 2. 08 
60 4. 13 3. 12 2. 63 2. 35 2. 17 2. 05 
65 4. 10 3. 09 2.61 2.33 2. 15 2. 03 
70 4. 08 3.07 2. 59 2. 31 2. 13 2. 01 
80 4.04 3. 04 2. 55 2. 27 2. 10 1. 97 

90 4.01 3. 01 2.52 2. 24 2. 06 1. 94 
100 3.98 2.99 2. 50 2. 22 2. 05 1. 92 
125 3.94 2. 95 2. 47 2. 19 2. 00 1. 88 
150 3.92 2. 92 2.44 2. 16 1. 98 1. 85 
200 3. 88 2. 89 2. 41 2. 13 1. 95 1. 82 
300 3. 85 2. 86 2. 38 2. 10 1. 91 1. 79 
500 3.82 2.84 2. 36 2. 07 1. 90 1. 76 

1000 3. 80 2.82 2.34 2. 06 1. 87 1. 74 
3. 78 2.90 2. 32 2. 04 1. 85 1. 72 
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APPENDIX III 

Example of input and selected output. 

Exam2le of In2ut 

The input consists of 6 control cards (see cards 1-6 in Input data description) and 
Data Block of 17 4 cards each of which has the orthopyroxene determination value in the 
5th field (columns 28-33). Note that the last control card specifies reading of the geogra-
phic co-ordinates (in units of 1 OOO ft) and the orthopyroxene value only. For an explana-
tion of the other values on the cards, which are not used here s'ee Agterberg, 1974, Table 
III , p. 65 . 

610111 
ENSTATI TE CONTENT <IN PERCENT> Of ORTHOPYROXENEt MT. ALBERT INTRUSION, GASPEt QUE 
0.05 
0.05 
15.o 50.0 40.0 15.0 -o.s -110.0 2.0 6 
001 (5Xt2F8.0,6XtF6.0) 

6 30.320 18.330 88.9 87.5 B.150 2.81 
8 27.980 19.020 91.2 87.5 8.150 2.75 

12 28.740 18.890 90.0 88.3 2.64 
17 30.810 21.570 90.2 87.5 8.170 2.67 
23 32.620 22.200 90.6 87.1 2.76 
28 33.960 18.280 91.0 90.6 2.10 
37 17.720 26.860 88.0 87.6 8.178 3.34 
41 25.070 27.280 91.6 90.3 
44 25.520 28.010 90.5 88.4 8.315 2.56 
52 24.450 32.970 91.2 93.l 8.315 2.61 
56 22.550 29.620 90.9 90.3 8.270 2.68 
57 23.280 29.810 89.5 8.225 2.60 
59 24.060 31.110 91.4 8.273 2.68 
60 24.400 31.270 90.5 92.0 
61 25.710 32.020 90.2 90.3 B.24.S 2.67 
63 26.340 34.400 88.3 B.215 2.99 
80C 22.920 23.710 90.3 89.9 8.233 3.15 
81A 22.960 23.280 89.1 B .11+0 3.32 
82 22.850 23.000 89.6 88.3 
91 35.810 17.420 91.0 89.1 8.290 2.67 
95 35.600 21.460 87.6 

103 39.120 19.900 90.3 88.3 8.167 2.88 
104 40.090 20.100 89.9 8.157 2.67 
105 41.200 20.900 90.5 87.6 8.170 2.67 
112 37.850 22.300 90.9 90.3 8.170 
ll2A 37.850 22.300 90.9 88.3 B.167 2.54 
117 40.120 213.100 89.6 86.6 B.150 2.86 
118 40.700 28.780 87.6 8.155 2.87 
121 41.680 24.480 87.4 8.157 2.10 
124 39.340 21.620 89.7 89.l 8.155 2.82 
126 37.220 19.230 91.2 90.3 8.280 2.68 
127 40. 720 26.210 89.2 88.0 8.162 2.80 
131 40.270 30.830 90.0 87.6 B.145 
l31A 40.270 30.830 89.6 88.0 8.169 2.00 
135 33.270 30.960 89.6 89.l 8.183 
140 46 .130 33.310 89.7 88.3 8.177 2.88 
150 36.750 30.720 90.0 89.5 8.160 2.85 
246 49.050 39.010 91.0 90.3 B.225 2.75 
265 44.450 32.530 90.5 86.l 2.74 
268 41.020 34.320 91.2 88.4 8 .1:35 2.63 
269 41.540 34.820 90.l 89.5 2.73 
270 43.350 35.600 90.0 8.300 2.56 
504 25.900 19.700 90.6 88.4 8.150 2.55 
509 27.040 20.soo 89.3 87.8 8.170 
512 28.610 21.820 91.6 86.6 8.166 
522 29.260 25.48:> 89.2 88.4 8.192 
524 29.100 23.080 89.7 87.8 
528 26.870 21.970 89.4 89.l 8.200 2.72 
542 30.330 27.780 90.0 89.l B.198 
553 32.910 21.210 90.7 87.7 B.168 2.69 
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Input example (continued) 
610111 
~NSTATITE CONTENT<IN PERCENT> Of ORTHOPYROXENE, MT. ALBERT INTRUSION, GASPEt QUE J.os 
o.os 
15.0 50.0 40.0 15.0 -o.s -110.0 2.0 f., 
001 (5Xt2F8.0t6Xtf6.0) 

570 26.4jo 30.720 90.6 90.3 B.260 2.64 
573 27.340 31.400 89.5 93.2 B.290 
575 21.100 31.900 91.0 91.5 8.255 2.58 
577 26.B50 32.200 92.0 93.2 B.285 
579 26.750 34.970 90.6 89.9 B.236 
586 30.790 35.650 91.4 B.265 2.53 
587 30.980 35.730 93.2 B.274 2.54 
593 lB.790 24.480 89.0 BB.4 B.153 3.24 
5"98 lB.150 2·6.320 91.2 89.2 B.184 
601A 19.280 26.440 89.5 89.9 8.186 2.93 
607 17.880 20.000 90.9 88.4 3.19 
612 35.810 24.100 B9.0 87.5 Bel50 2.83 
613 35.380 24-.930 87.9 00.1 B.175 
620 35.090 28.430 90.2 86.2 B.180 
621 33.980 28.920 89.5 87.S 8.160 2.78 
623 33.230 30.160 90.0 90.8 2. 71 
628 32.460 32.660 91.2 93.0 B.280 2.56 
632 36.300 31.600 B9.7 91.5 0.225 
633 36.230 30.230 90.0 92.9 0.202 
638 43.310 26.090 89.2 88.l 
641 44.160 26.050 89.9 89.9 0.211 
642A 43.500 26.480 90.7 89.l 
750 22.950 28.150 90.S 91.8 8.279 2.74 
752 23.900 20.200 90.5 93.2 0.201 2.56 
753 24.010 27.800 89.9 0.263 2.65 
761 27.090 24.920 90.l 86.6 B.167 2.72 
762 26.950 23.500 89.0 86.6 8.163 2.B4 
767A 33.430 21.540 90.l 88.3 8.163 2.B7 
7678 33.430 21.540 B9.6 86.6 B.168 2.05 
768 33.500 22.010 B9.3 89.9 2.B8 
772A 38.080 28.580 91.3 92.2 B.302 2.67 
775 27. 710 20.020 90.0 89.9 8.245 2.63 
776A 27.840 27.810 89.9 89.9 8.229 2.74 
779 31.800 30.200 B9.2 91.3 B.258 2.64 
780A 31.090 29.620 89.3 91.l 8.268 2.68 
BOO 30.200 20.100 91.0 87.6 B.174 2.79 
801 30.250 19.150 90.2 88.l B.248 2.01 
802 30.170 lB.260 90.5 88.l B.176 2.65 
803 28.BOO 19.720 90.9 86.6 80329 2.63 
Bll 32.BOO 23.700 90.4 BB.2 A.174 2.78 
813 31.220 24.950 B9.5 88.3 B.174 2.B9 
814 32.410 23.000 91.0 88.2 2.90 
Bl6 31.550 23.220 B9.7 88.3 B.165 2.74 
817 32.900 21.450 B9.2 86.6 8.168 2.74 
818 42.800 29.750 89.7 89.9 8.177 2.12 
819 '+3.550 30.120 90.6 2.BO 
823 44.000 31.980 87.9 86.6 2.72 
826 44.940 33.050 86.7 B.159 2.78 
827 45.760 32.940 88.9 8.163 2.10 
835 46.700 36.090 89.6 86.8 0.166 2.69 
836 46.390 34.720 89.8 2.62 
837 46.190 33.520 87.8 8.290 2.74 
838 44.620 33.760 00.1 2.73 
839 41.360 33.050 90.8 B.174 2.64 
840 41. 71 () 33.750 89.0 8.232 2.s0 
841 42.0BO 34.410 91.6 8.251 2.65 
842 42.390 33.610 8A.9 0.165 2.53 
843 4.Z. 890 33.400 89.l 8.215 2.53 
845 44.390 34-. l 00 86.9 B.169 2. 77 
846 45.000 34.550 90.8 8.244 2.54 
847 45.280 35.030 89.9 8.199 2.63 
848 45.300 35.540 87.8 B.165 2.12 
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Input example (continued) 

610111 
E·'llSTATITE CONTENT<IN PERCENT> OF ORTHOPYROXENEt MT. ALBERT INTRUSION, GASPE, QUE 
0.05 
0.05 
15.o 50.0 40.0 15.0 -o.s -110.0 2.0 6 
001 (5Xt2F8.0t6XtF6.0) 

850 35.420 18.700 aa.1 8.164 2.86 
8.Sl 37.510 19.890 89.6 2.69 
861 44-.980 29.150 88.3 8.174 2.60 
864 ltS.660 29.820 87.6 2.68 
865 lt6.510 30.510 89.9 2.64 
881 34-.690 22.090 88.3 8.183 2.67 
885 33. 780 25.620 87.8 2.69 
886 34.580 26.320 86.5 8.181 2.76 
888 36.720 27.350 87.6 8.191 2.76 
889 36.940 26.950 87.8 2.74 
891 35.000 25.990 87.8 8.168 2.67 
894 36.210 21.980 86.4 8.166 2.a1 
897 lt2.390 25.250 as.a 8.165 2.63 
899 42.290 26.520 87.8 8.161 2.66 
902 39.090 26.650 aa.5 8.165 2.76 
908 31.820 30.880 91.3 0.215 2.68 
909 31.860 30.550 93.2 2.52 
912 30.050 30.450 89.5 8.291 2.65 
916 27.800 29.220 91.6 2.63 
917 28.450 29.100 91.5 2.54 
925 37.590 29.820 87.8 8.174 2.86 
926 36.750 29.690 86.8 8.177 2.82 
927 34.780 30.870 87.9 8.213 2.75 
928 37.480 30.620 88.3 8.188 2.12 
930 37.220 31.380 87.B 8.215 2.12 
931 36.280 31.280 87.8 B.190 2.85 
932 35.420 31.220 88.9 8.229 2.82 
934 27.510 311.400 92.0 2.60 
935 25.900 30.100 93.9 2.66 
936 24 .. 660 2A.790 89.9 2.57 
937 24.210 27.280 91.8 2.62 
939 28.760 24.500 88.9 8.235 2. 71 
940 28.920 23.880 88.9 8.235 2.73 
941 28.300 23.200 90.B 87.7 a.115 2.A2 
944 29.360 22.000 89.6 87.8 8.163 2.65 
945 29.320 23.650 87.8 8.170 2.67 
948 30.250 24·e l 90 89.0 88.4 8.164 2.78 
949 30.250 23.260 87.9 87.8 8.165 2.89 
950 30.250 22.200 89.5 89.6 8.164 2.79 
952 37.020 32.960 89.6 8.191 2.82 
953 37.110 33.650 89.2 91.4 8.172 2. 71 
955 37.620 32.090 89.0 88.9 8.204 2.78 
956 38.100 32.590 91.5 90.8 a.221 2.73 
958 39.220 32.400 89.l B.187 2.60 
959 39.750 32.800 90.5 89.9 8.194 2.76 
967 36.880 17.690 89.0 89.0 8.262 2.73 
968 37.440 18.180 90.9 93.1 A.268 2.69 
989 18.880 25.000 89.5 87.B 3.25 
990 19.400 2s.200 89.5 87.B 8.170 3.26 
991 19.790 25.400 90.3 87.1 B.160 3.10 

1023 37.450 34.680 90.0 8.238 2.10 
1029 35.550 34.950 91.5 B.275 2.67 
1035 34.780 33.200 90.7 8.248 2.62 
1041 34.120 33.000 90.7 8.232 2.69 
1044 34.790 34.300 91.6 8.261 2.73 
1046 34.780 35.560 92.0 8.268 2.63 
1047 33.960 35.150 90.0 B.251 2.66 
1048 33.680 34.750 91.3 8.242 2. 71 
1049 33.350 33.970 91.1 8.235 2.68 
1083 33.650 26.520 89.9 B.199 2.67 
1085 31.500 26.440 89.9 a.202 2.62 
1087 30.260 27.350 89.9 B.249 2.66 

999.0 999.0 999.0 
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APPENDIX IV 

Listing of Program 

PROGRAM TREND<INPUTtOUTPUTtTAPE99,TAPElO> 
• * • * * • 

T R E N D S U R F A C E A N A l Y S I S 

C. F. C~UNG AND F. P. AGTERBERG, G. S. c., E. M. R. 

* * * * • • 
DIMENSION A(45t45),88(45t45),B(45),D(45),F(45)tX(45)tNS(45) 
DIMENSION NAME(B),FMT(3)tZZ!45,45),ATTf8),Aff(8) 

* • * • 
READ IN DUA 

• • • • 
100 READ ltNDEG,ITER,ITABLEolMAP,ICONf,JRES 

1 FORMAT< 10 Il) 
lf<NDEG.EQ.O)GO TD 999 
READ 2tNA"1E 

2 f0RMAT(8Al0) 
READ 3tAff 
READ 3tATT 

3 f0RMAT<8fl0.0> 
READ s.xA,XM,YA,YM,XVAL,AA,AMtLINE 
READ 4olTAPEtllOG,JORDERtFMT 

4 f0RMAT<3Ilt7Xo3Al0) 
5 fORMAT( 7Fl0.0tll0) 

ALPM:AM 
IN=l 
REWIND 10 
lf<ITAPE.EQ.llGO TO 230 
N=O 

110 GO TO<l20tl30tl40tl50tl60,170),10RDER 
120 READ FMT,x1,v1.z1 

GO TO 180 
130 READ FMT,x1.z1.v1 

GO TO 180 
140 READ fMTtYI.x1.z1 

GO TO 180 
150 READ FMT.v1,z1.x1 

GO TO 180 
160 READ fMTtZloXloYI 

GO TO 180 
170 READ fMT,z1,v1.x1 
180 IF<<XI.EQ.999.0>.AND.<YI.EQ.999.0>.AND.<ZJ.EQ.999.0llGO TO 330 
190 CALL POLA<NDEG,JN,XltYl,IOUT,X> 

IF<ILOG-ll200,210,220 
200 X<IOUT>=ZI 

GO TO 225 
210 lf<ZI.LE.O.O>GO TO 350 

X(IOUTl=ALOGlO!ZI> 
GO TO 225 

220 IF<ZI.LE.O.O>GO TO 350 
X I !OUT> =All)G ( Z I> 

225 N=N+l 
wRITE<lO>N•<X<K>,K=l•IOUT> 
IF<ITAPE.EQ.l)GO TO 240 
GO TO 110 

230 REWIND 99 
.N=O 

240 GO T0(250t260.210.2so.290,3001.10RDER 
250 READ(99,F~TlXltYloZI 

GO TO 310 
260 READ<99tf"1TlXJ,zI,YI 

GO TO 310 
270 READ(99tf~TlYltXI,zI 

• 

* 

TREN 001 
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c 
c 
c 

280 

290 

300 
310 
320 
330 

* 

GO TO 310 
REA0(99tFMT>YitZI.XI 
GO TO 310 
READ<99•FMT>ZltXI.YI 
GO TO 310 
READ<99tFMT>ZitYloXI 
IF(EOF(99))330t320 
GO TO 180 
M=IOUT-1 
REWIND 10 
IF<ITAPE.EQ.l)REWI'llO 99 

* * 0 

PRINT ALL INFORMATION FOR INPUT 
0 0 * 

340 PRINT 6.NAME * 
6 f0RMAT<1Hlt8Al0) 

PRINT 7.N 
7 f0RMATC1Hlh 11 NUMBER Of OBSERVATIONS 

PRINT 8.YOUT 
N = "•110) 

8 f0RMATClHOt 11 NUMBER Of INDEPENDENT VARIABLES INCLUDING CONSTANT 
lM = "•110) 

PRINT 9 
9 FORMAT <lHO) 

PRINT 10 
10 FORMAT<lH0,11 

l TEXT> 11 ) 

ACCORDING TO INPUT<SEE INPUT DATA DESCRIDTION IN 

PRINT llt'llDEG,ITER,JTABLE,JMAP,JCONF,JRES 

TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
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TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
TREN 

11 FDRMAT<lHOo 11 DEGREES ()f POLYNOMIAL NDEG = 11.J5t11x, 11 1TER = "' TREN 
ll5,/1Xt 11 ITABLE = 11,15,1,1x. 11 1"4AP = 11 ,15,/, TREN 
21Xo 11 1CONF = "tl5o/1Xt 11 IRES 

IF<ITABLE.EQ.O>GO TO 880 
PRINT 12tATTtAFF 

= "•I 5 l TREN 
TREN 
TREN 

12 FDRMATClHOo 11 T - VALUE FROM TABLE 
1 TABLE = "•8Fl0.5l 

GO TO 870 

= 11 t8Fl0.5tllXt 11 F - VALUE FROMTREN 
TREN 
TREN 

880 PRINT l3tATT(l)oAFF(l) 
13 FORMATClHOt 11 LE\IEL OF SIGNIFICANCE FOR T-VALUE =11 .•10.s,1.ix, 

1 11 LEVEL OF SIGNIFICANCE FOR f-VALUE ="•Fl0.51 
870 PRINT 14,ITAPEoIORDER,ILOG,fMT 

14 FORMAT<lHOo 11 ITAPE = 11 ,15,11x. 11 10RDER = 11 .Is.11x, 
l 11 ILOG = 11 ,15,11x, 11 FORMAT = 11 ,3Al0) 

PRINT 15tXMtYMtXAoYAtXVAL.LINEtAAtAM 
15 FORMATClHOo 11 Xt-1 = 11 ,F20.10,2ox. 11 YM = 11 .F20.10.11x,11xA = .... 20.10. 

120Xt 11 YA = 11 .f20.10.11x. 11 XVAL = 11 .F1R.10.2ox. 11 LINE = 11 ,110.11x. 
2"AA = 11 .F20.10.2ox. 11 AM = 11 tF20.10) 

IF<ITABLE.EQ.llGO TO 830 
ALPT=ATTCl> 
ALPf=AfF ( 1 > 

830 PRINT 9 
L.=IOUT 
DO 500 I=l•L 
.'llS<I>=-1 
8(1)=0.0 
D<Il=O.O 
FCI>=O.O 
DO 500 J=l tL 
ACJ,Jl=O.O 
BB<IoJl=O.O 
ZZ C I tJ) =O.O 

500 CONTINUE 
DO 515 K=ltN 
READClO>NNt(XCKKloKK=ltl) 
DO 510 I=l•L 
OCJl=DCJl+X(I) 
F(J):f(J)+XCll*X(J) 
DO 510 J=ltL 
ACitJ)=A<ItJ)+X(J)OX(J) 

510 CONTINUE 
515 CONTI'IJUE 

SSN:O,O 
YSS=FCU 

TREN 
TREN 
TREN 
TREN 
TREN 
TREN 
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TREN 
TREN 
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TREN 
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067 
068 
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079 
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134 
135 



KNN=fLOATCN> 
00 520 I=l•L 
OCJ>=DCI>/XNN 
fCil=fCI>-XNN•D<I>•DCII 

520 CONTINUE 
DO 525 I=l•L 
DO 525 J=l•L 
KXX=ACltJ)-XNN•DCI>•D(J) 
YYY=f<I>•F(J) 
AIItJ)=XXX/SQRTCYYY) 
BB<I•J>=A<ItJ) 

525 CONTI"lUE 
VAR=f(L)/CXNN-1.01 
REWIND 10 
PRINT 51,DCL>,VAR 

51 f0RMATClHOt 11 MEAN OF DEPENDENT VARIABLE = "•lPE::>0.13,//lXt 
1 "VARIANCE Of DEPENDENT VARIABLE : 11 ,lPE20.l3> 

F'fff=f CU 
ND=NDEG 
lfCITER.EQ.O)GO TO 712 
"10=0 
"l=O 

710 ND=ND+l 
,"l=M+ND+ 1 
IFCND.GT."IDEG>GO TO 360 

712 PqINT 6tNAME 
PRINT 8ltND 

81 f0RMATClHOt 11 POLYNOMIAL TREND SURFACE Of DEGREE 11 ,IlOl 
CALL STEPINV<L•MtAtBBtNSl 
BBBB=A CL,U 
r<OLA=O 
DO 715 I=l•M 
lfCNSCI>.EO.llGO TO 715 
J=I+l 
KOLA=KOLA+l 
PRINT 82.J 

82 FORMATClHOt 11 VARIABLE NUMBER 11 ,IlOtlOX, 11 IS ElIMINiATJ:D 11 1 
715 CONTINUE 

lfCKOLA.GE.2)PRINT 83 
83 F0RMATClHOt 11 THE RUN IS TERMINATED DUE TO MULTICOLLINEARITY"I 

lFCKOLA.GE.2lGO TO 999 
PRINT 6tNAME 
CALL ANOVACNDtNtMtITERtSSNtYSStfffftBBBBtSSl 
ZZ<ltll=O.O 
DO 730 I=ltM 
J=I+l 
ZZCltJl=O.O 
lFCNSCil.EQ.-llGO TO 720 
FF"f=f CU /I" (I> 
8CJ>=ACltL>•SQRTCFl"F) 
GO TO 730 

120 BCJ>=o.o 
730 CONTINUE 

CC=DCU 
DO 740 l=ltM 
J=I+l 
CC=CC-DCil*BCJl 

740 CONTINUE 
d<l>=CC 
DO 750 l=ltM 
lfCNSCil.EQ.-llGO TO 750 
l(J:I+l 
DO 760 J=l•M 
IFCNSCJ>.EQ.-l>GO TO 760 
f(J:J+l 
fff:f{l)•FCJI 
ZZCKJ,l(J)=SS*ACitJl/SQRTCFFF") 

760 CONTINUE 
750 CONTINUE 

DO 780 I=ltM 
lf(NSCI>.EQ.-llGO TO 780 
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TREN 165 
TREN 16fi 
TREN 167 
TREN 16A 
TREN 169 
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TREN 171 
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c 
c 
c 

c 
c 
c 

i(J=I+l 
DO 770 J=l•M 
IF(NS<J>.EO.-l>GO TO 770 
KJ:J+l 
ZZ<l•l>=ZZ<l•l>+ZZ<Kl,KJ>•D<I>*D(J) 
ZZ!ltKI>=ZZ<l,KI>-ZZ<KI,KJ)*D(J) 

770 CONTINUE 
ZZ!Kitl)=ZZ(l,KI) 

780 CONTINUE 
ZZ!ltl):ZZ!ltll+ SS/XNN 
S=SQRT<SS> 
PRINT 6tNAME 
PRINT 53 

53 FORMAT<lH0,11 ESTIMATES OF COEFFICIENTS11 t20Xt"STANDARD 
NGM=M+l 
DO 535 K=ltNGM 
FFF=SQRT<ZZ(K,K)) 
PRINT 61,KtB(K),FFF 

61 FORMAT!lHOtI5,5XtlPE20.13t20XtlPE20.13) 
535 CONTINUE 
570 IF(IMAP.EQ.OlGO TO 580 

* * * CALL SUBROUTINE MAP 
* * * PRINT 6tNAME 

CALL MAP(XA,XMtYAtYMtXVALtLINEtNGM,NO,AAtAM 9 8) 
580 IF(ICONF.EQ.O)GO TO 590 

* 

* 

* * CALL SUBROUTINE CONF 
* * 

PRINT 6tNAME 
NGL=N-M-1 
NGM=M+l 
IFllTABLE.EQ.l>GO TO 810 
CALL INVFDN<ALPFtNGMtNGLtAAAA) 
GO TO 850 

810 AAAA=AFF(l\ID) 
850 CALL PROB(AAAAtNGM,NGL,Q) 

CALL CONF I XA, XMt YA, YMt XVAL •LI NE, Q, AAAA, ALPM, NGl-41,'Nrl t ZZ) 
590 IF(JRES.EQ.OlGO TO 630 

PRINT 6tNAME 
IFIITABLE.EQ.llGO TO 820 
ALPP=ALPT/2.0 
CALL INVTONIALPP,NGLtAKK) 
GO TO 840 

820 Ai<K=A TT I NO> 
840 AKM=AKK*AKK 

NGM=l 
CALL PROBIAKM,NGM,l\IGL,Q) 
PRINT 56,Q 
DO 620 K=ltN 
READ(l0)N~t(XIKK),KK=l•L> 
SUM=ZZ 11 t l> 
~GM=M+l 

DO 601 I=2•NGM 
J=I-1 
SUM=SUM+2.0*ZZ<l•I>*X(J) 

601 CONTINUE 
DO 600 l=l•M 
r<l=I+l 
DO 600 J=l•M 
KJ:J+l 
SUM=SUM+ZZIKI,KJ)*X(ll*X(J) 

600 CONTINUE 
SUM=S•S-SUM 
SUM=SQRTISUMl*AKK 
ZZZ=Blll 
DO 610 I=l•M 
J=t+l 
ZZZ=ZZZ+BIJl*Xltl 

610 CONTINUE 
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EE=X<L>-ZZZ TREN 279 
PRINT 57tXCL>tZZZtEE•SUM TREN 280 

57 FORMAT(lH t3ClPElS.Bt 5X),6XtlPE15.8) TREN 281 
620 CONTINUE TREN 282 

REWING 10 TREN 283 
56 FORMATC1H0t 11 OBSERVED CALCULATED RESIDUAL TREN 284 

l CONFIDENCE INTERVAL 11 ,no.3,11 l!tt) TREN 285 
630 CONTINUE TREN 286 

IF(ITER.EQ.OlGO TO 360 TREN 287 
GO TO 710 TREN 288 

350 NFG=N+l TREN 289 
PRINT l6tNFG TREN 290 

16 FORMAT ClHOt 11ERROR IN"• 15,u TH CARD 11 ,/l Xt"Zl=O tHEf\JCE LOG <ZI > =UNDEFTREN 291 
ll~"•lXt 11 1GNORING THIS SAMPLE A"ID PROCEEDING") TREN 292 

IfCITAPE.EQ.llGO TO 240 TREN 293 
GO TO 110 TREN 294 

360 GO TD 100 TREN 295 
999 STOP TREN 29~ 

END TREN 297 
SUBROUTINE ANOVACNDEG,N,M,IR,SSNtYSStFtAtSR) ANOV 001 
NNN=l ANOV 002 
PRINT ltNDEG ANOV 003 

1 FORMATClHOttt ANALYSIS OF VARIANCE TABLE OF1 POLYNOMIAL "• ANOV 004 
l 11 TREND SURFACE Of DEGREE 11 ,I5) ANOV 005 

PRINT 2 ANOV 006 
2 FORMATClHOt 11 SOURCE OF SUM OF DEGREES OF ANOV 007 

1 MEAN CALCULATED PROBABILITY") ANOV OOR 
PRINT 3 ANOV 009 

3 FORMATClH •" VARIATION SQUARES FREEDOM ANOV 010 
1 SQUARE F - VALUE IN 111 l ANOV 011 

4 FORMATClHOt 11 TOTAL<UNCORRECTED> 11 ,3X,lPE17.9,3X,I7) ANOV 012 
5 FORMATC1H0t"MEAN<B<lll 11,3x,1PE17.9,JX,17l ANOV 013 
6 FORMAT ( lHOt 11 TOTAL <CORRECTED> 11 ,3x, lPEl 7 .9,3x, I7> ANOV 014 
7 FDRMATC1H0t"RESIDUAL 11,3x,1PE17.9.3X.17.1x.0Pn7.10) ANOV 015 
8 FORMATC1H0t 11 REGRESSION 11 ) ANOV 016 
9 FORMATClH •"E"ITIRE EQN /Bell 11 ,3x,lPE17.9,3Xt17•1XtOPF17.l0,3Xt ANOV 017 

l Fl7.l0,3XtF17.3) ANOV OlR 
10 FORMATClHOt 11 l DEGREE LESS/BC1) 11 ,3XtlPE17.9,3X,17) ANOV 019 
11 FORMATC1H0• 11 PARTIAL EQN 11 t3XtlPE17.9t3Xtl7•1XtOPF17.l0t3X, ANOV 020 

l Fl7.l0,3XtFl7.3) ANOV 021 
12 fDRMATClHOl ANOV 022 
13 FORMATClHOt 11 MULTIPLE CORRELATION COEFFICIENT SQUARED = 11 tF15.7) ANOV 021 

PRINT 4tYSStN ANOV 024 
SV=YSS-F ANOV 025 
PRINT 5tSVtNNN ANOV 026 
LLL=N-1 ANOV 027 
PRINT 6tftLLL ANOV 028 
LL=N-M-1 ANOV 029 
SSR=F•A ANOV 030 
SSE=F-SSR ANOV 031 
SR:SSR/FLDATCLL) ANOV 03? 
PRINT T9SSRtLLtSR ANOV 033 
LLL=M ANOV 034 
PRINT 8 ANOV 035 
SE=SSE/fLOATCLLLl ANOV 036 
FE=SE/SR ANOV 037 
CALL PROB<FEtLLLtLL,QE) ANOV 03R 
PRINT 9tSSEtLLLtSE,FE,QE ANOV 039 
IF((IR.EQ.O).OR.CNDEG.EQ.l))GO TO 14 ANOV 040 
LLL=M-NDEG-1 ANOV 041 
PRINT lOtSSNtLLL ANOV 042 
LLL:NDEG+l ANOV 043 
SSM=SSE-SSN ANOV 044 
SM:SSM/FLOAT<LLL) ANOV 045 
F~=SM/SR ANOV 04~ 
CALL PROB<FMtLLLtLL,QM) ANOV 047 
PRINT lltSSMtLLLtS~tFMtQM ANOV 048 

14 RR=SSE/f ANOV 049 
SSN=SSE ANOV 00 
SSN=SSE ANOV 050 
PRINT 12 ANOV 051 

45 



46 

PRINT 13,RR 
RETURN 
END 
SUBROUTINE MAP<XA,XltYA,YitXVAL,LINEtMtNDEGtAAtAM,C> 
DIMENSION L<23>,LL(l30),C(45),X(45),AP(6) 
DATA L/lH tlHltlH tlH3tlH tlH5tlH tlH7,lH tlH9tlH tlHA,lH tlHB, 

l lH tlHCtlH tlHDtlH tlHEtlH ,lH+,lH-/ 
PRINT l 

l FORMAT (lHOI 
PRINT 2tXItYitXAtYA 

2 FORMAT<lHOt 11 XM = 11,f20.10,1ox, 11 YM = 11 ,F20.10,111x, 
l 11 xA = 11,f20.10,1ox, 11 YA = 11 ,F20.10> 

X 'I AL= ABS< X VAL> 
XLINE=FLOAT!LINE> 
YVAL=lO.O•XVAL/XLINE 
If!XI.GE.XA)XVAL=-XVAL 
If!YI.GE.YA>YVAL=-YVAL 
PRINT 3,xvALtYVAL 

3 fORMAT<lHOt 11 X'IAL = 11 ,F20.10.1ox,11 YVAL = 11,f20.lO) 
T=<XA-Xl)/XVAL 
T=T+l.5 
NP= I NT <T> 
T= ! YA-YI> /YVAL 
T=T+l.5 
NQ=INT <T> 
lf<NP.GT.llO>NP=llO 
PRINT 4tNPtNO 

4 FORMAT<lHOt" x-SIZE = 11 ,uo,1ox, 11 Y-SIZE = "tllO) 
PRINT 7tAAtAM 

7 fORMAT<lHOt 11 ADDITIVE CONSTANT = "tf20.l0t//1Xt 
l 11 "lULTIPLICATIVE FACTOR = 11 tF"20.10) 

PRINT 11,0,AM 
11 FORMAT<lHOt 11 CALCULATED VALUE = ( PRINTED VALUE - 11,no.3, 11 ) I "• 

l El0.3> 
PRINT l 
PRINT 5 

5 FORMAT <lHO t 11MAP FOR PREDICTED VALUES") 
i)O 145 I=ltNPt20 
J=<I•l9)/20 
AP<J>=FLOAT!I-l>*XVAL+XI 

145 CONTINUE 
PRINT 8t!AP(K)tK=l•J> 

B fORMAT!lHOtlOXt6!1PEl0.3tlOX>> 
PRINT 9t!L<22)tK=l•NP,10) 

9 FORMAT!lHOtl5Xtll<Alt9X)) 
PRINT 21 

21 fORMU<lH 
JJ=-1 
IN=2 
X<l>=l.O 
DO 170 J=ltNO 
JJ:JJ+l 
i.JJ=FLOAT<J-1) 
DO 160 I=ltNP 
UI=FLOAT<I-1> 
XX:XI+UI*XVAL 
'f'Y=YI +UJ•YVAL 
CALL POLA<NDEGtINtXXtYY,IOUTtX) 
XL=O.O 
DO 150 K=ltM 
XL=XL+X(K)*C!KI 

150 CONTINUE 
XL=AM*XL+AA 
1F<XL)210,220t220 

210 LL!Il=L<231 
GO TO 160 

220 XL=XL+l.5 
lD=INT <XU 
IF< ID.GE.22> ID=22 
LL<I>=L<Ir:>I 

l 60 CONTINUE 

ANOV 
ANOV 
ANOV 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
"1AP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
MAP 
"1AP 

052 
053 
054 
001 
002 
003 
004 
005 
006 
007 
OOA 
009 
010 
011 
012 
013 
014 
015 
016 
017 
018 
019 
020 
021 
022 
023 
024 
025 
026 
027 
028 
029 
030 
031 
032 
033 
034 
035 
036 
037 
038 
039 
040 
041 
042 
043 
044 
045 
046 
047 
048 
049 
050 
051 
052 
053 
054 
05S 
056 
057 
058 
059 
060 
061 
062 
063 
064 
065 
06fi 
067 
068 



IF((JJ.EQ.O).OR.<JJ.EQ.LINE))GO TO 165 
PRINT 6•<LL<K>•K=l•NP) 

6 FORMAT<lH •l5X•ll0Al) 
GO TO 170 

165 PRINT lO.vv, L(22),(LL(K),K=l•NP) 
10 FORMAT<lH •lPEl0.3,2X,Al•2X•ll0Al> 

JJ=O 
170 CONTI "IUE 

RETUR"I 
E"ID 
SUBROUTINE CONF!XA,Xl,YA,VI,XVAL•Ll"IE,Q2,A2,AM2,M,NDEG,Al 
DIMENSION L!221,X<4Sl,A!45,45),LL<ll0),AP(6) 
DATA L/lH tlHl,lH tlH3tlH .1H5,1H ,1H7,1H tlH9,lH tlHA,lH •lHBt 

1 lH .1Hc.1H ,1Ho.1H .lHE.lH .lH+/ 
P~INT l 

1 FORMAT <lHOl 
PRINT 2.x1.v1.xA.YA 

2 FORMAT<lHO•" XM = 11,F20.10.1ox,11 YM ::: 11 .F20.10.111x, 
l It XA = 11 ,F20.10.1ox,11 YA = 11 ,F20.101 

KVAL=ABS ( XVAL> 
XLINE=FLOAT<LINE> 
YVAL=lO.O*XVAL/XLINE 
IF<XI.GT.XA>XVAL=-XVAL 
lF<Yl.GT.YAlYVAL=-YVAL 
PRINT 3tXVALtYVAL 

3 FORMAT<lH0. 11 XVAL = 11 ,F20.10,1ox,11 YVAL = 11 ,F20.101 
T=<XA-Xl)/XVAL 
T=T+l.5 
NP=INT<Tl 
T= !YA-YI I IYVAL 
T=T+l.5 
"lQ=INT <TI 
IF<NP.GT.llOlNP=llO 
PRINT 4,NP,NQ 

4 FORMAT<lHO•" x-SIZS:: = "•llOtlOX, 11 Y-SIZE = 11,1101 
PRINT 7tAM2 

7 FORMAT<lH0, 11 MULTIPUCATIVE FACTOR = 11 tF20.101 
PRINT 11 t AM2 

11 FORMAT<lHOt"CALCULATED VALUE = PRINTED VALUE /"•El0.3) 
PRINT 1 
PRINT 5.Q2 

5 F'ORMAT<lH0, 11 MAP FOR 1-iALF CONFIDENCE INTERVAL "•Fl0.3•" 1"11 ) 

DO 145 I=l•NP,20 
J=<I+l91/20 
A?(Jl=FLOAT<I-ll*XVAL+XI 

145 CONTINUE 
PRINT Bt<AP<Kl•K=l•J> 

8 FORMAT<lHOtlOX,6!1PEl0.3olOXll 
PRINT 9,(L(221,K=l•NP,10l 

9 FORMAT<lHO•l5X,ll<Al•9Xll 
PRINT 21 

21 FORMAT <lH 
JJ:-1 
IN:2 
X(ll=l.O 
DO 170 J=l•NQ 
JJ=JJ+l 
LIJ=FLOAT ( J-ll 
DO 160 1:::1,NP 
Ul=FLOAT < I-1 l 
XX=Xl+Ul*XVAL 
YY=Yl+UJ*YVAL 
CALL POLA<NDEG.IN.xx.vv,IOUT,X) 
XL=O.O 
DO 150 Kl=l•M 
DO 150 K2=ltM 
XL=XL+X<Kll*A<Kl,K2l*X<K2l 

150 CONTINUE 
XL:::A2*XL•FLOAT(Ml 
XL=SQRT<XL> 
XL=XL*AM2+1.5 
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MAP 
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c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

lD=INT<XU 
1F<ID.GE.22>I0=22 
LL ( I) =L< ID) 

160 CONTINUE 
lf((JJ.EO.O>.OR.<JJ.EO.LINE))GO TO 165 
PRINT 6t(LL<K>•K=ltNP> 

6 FORMAT<lH tl5Xtll0Al> 
GO TO 170 

165 PRINT 10,YY,L<22),(LL(K),K=l,NP) 
10 FOqMAT<lH .1PE10.3,2x,A1.2x.110Al) 

JJ=O 
170 CONTINUE 

RETURN 
E"ID 
SUBROUTINE POLA<NDEG•IN,x.v.IOUT.Z) 
DIMENSION Z(45) 
M=IN 
IF<NDEG.EO.O>GO TO 3 
DO 2 1(:1,NDEG 
IX=K 
IY=CI 
r<t<=K+l 
L>O 1 I=l,l(K 
Z<M>=<X**IX>*<Y**IY) 
lY=IY+l 
IX=IX-1 
M=M+l 

l CONTINUE 
2 CONTINUE 
3 IDUT=M 

• 

RETURN 
Et.ID 
SUaROUTINE PROB<F.14ltM2,Q) 

* 
F-DISTRIBUTION 
COMPUTE APPROXIMATE PROBABILITY FROM F-VALUE 
COMPUTE P FROM Q(FtMl,M2>=P wHERE F - F(Ml,142) 
SECTION 26. 6. B. ON PAGE 946, ABqAMOWITZ AND STEGUN 

• * • 

* 

IF<<F.LE.O.O>.OR.<141.LE.O>.OR.(142.LE.O>>GO TO 150 
Al=FLOAT<Ml) 
A2=FLOA T P.42) 
IF<<MOD<Ml•2>.EO.l>.AND.<MOD<M2,2>.EO.l)IGO TO 60 
X=Al*F+A2 
X=A2/X 
IF (M0D(Ml•2>.EQ.l)G0 TO 30 

* • 
142 IS ODD OR EVEN AND Ml IS EVEN 

• 
S=l.O 
14=Ml/2 
IF<M.EO.l>GO TO 20 
L>D:l.O 
Y=l.O-X 
"IM=M-1 
DO 10 I=l,MM 
XM=2.0*FLOAT<I> 
YM=A2+XM-2.0 
DD=DD•YM/XM 
DD=DD*Y 
S=S+DD 

10 CONTINUE 
20 ?P=A212.0 

Q=S•X••PP 
GO TO 150 

* • • 
Ml IS ODD OR EVEN AND M2 IS EVEN 
* * • 

30 S=l.O 
14="12/2 
lF<"l.EQ.l)GO TO 50 
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c 
c 
c 

DD=l.O 
lol'1=t-1-l 
DO 40 l=l,l.lt-1 
X'1=2.0*FLOAT<Il 
Y'1:Al•Xt-l-2.0 
OD:DD•YM/X~ 

DD=DD*X 
S=S•DD 

40 CONTI"IUE 
50 PP:Al/2.0 

PP:(l 0 0-Xl**PP 
0=1.0-PP•S 
GO TO 150 

* * 
t-11 AND t-12 ARE ODD 
* 

60 Pri:).14159265359 
THETA=SQRT<Al•F/A2) 
THETA=ATANCTHETAl 
SN=SINCTHETAl 
CN=COS<THETA> 
lF<t-11.EQ.llGO TO 100 
S=l.O 
'1=t-11-2 
IF<M.EQ.llGO TO BO 
DD=l.O 
DO 70 I=3,t-1,2 
)(.'1:FLDAT<I> 
Y'1=A2•XM-2.0 
OO:DD•YM/Xt-1 
DD=DD•SN•SN 
S=S+DD 

70 CONTI"IUE 
BO Nl=M2-l 

"l2=Nl/2 
Z=l.O 
DO 90 I=l•N2 
X'1=FLOATCN2+1-Il 
YM:)(.M-0.5 
Z=Z*XM/YM 

90 CONTINUE 
Z=Z*2.0/PH 
aa=z•s 
BB=SB•SN•CN**'-'2 
GO TO 110 

100 BB=O.O 
110 lF<M2.EQ.llGO TO 130 

lol=M2-2 
OD=l.O/CN 
S=O.O 
00 120 1=1·"'·2 
J=I-1 
IF<J.EQ.OlJ=l 
Xlol:FLOATCJl 
Y"1=FLOAT<I> 
OD=DD•)(.M/YM 
OD:DD*CN*CN 
S=S•DD 

120 CONTINUE 
PP:SN*S+T'"IETA 
Ab.=2.0*PP/PH 
GO TO 140 

130 b.A:2.0*TH~TA/PH 
140 0=1-Afl.+BB 
150 0=<1.0-Ql*lOO.O 

KETUR"I 
E"lD 
SUBROUTINE STEPINV(M,"1"1,A,B•NSl 
ulMENSION AC45•45l ,9(45,45) •C<45l ,"15(1+5) 

3 DO 4 !=1•11 
C<Il=O.O 
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c 
c 
c 
c 
c 
c 
c 

4 CONTINUE 
DO 5 I=lt"IM 
1'.X= ABS<A<Itlll 
IF<CXX.LE.l.OE-81.3R.(NS<Il.EO.lllGO TO 5 
K=I 
GO TO 6 

5 CONTINUE 
GO TO 11 

6 XX=ACKoKI 
~SCKl=l 
C<Kl=l.O/XX 
JO 7 J=l,1.1 
ACKoJl=A<KtJl/XX 

7 CONTINUE 
DO 9 I=l,._. 
IF<I.EQ.KlGO TO 9 
XX:ACitl<l 
CCil=-XX•CCKl 
DO R J=lt'-1 
A<I,Jl=ACI•Jl-A(K,Jl*XX 

8 CONTINUE 
9 CONTINUE 

00 10 I=I,M 
ACitKl=C<Il 

10 CONTINUE 
GO TO 3 

11 l'\=O 
00 12 I=l ,MM 
lF(NSCil.EO.-llGO TO 12 
K=K+l 

12 CONTINUE 
IFcK.NE.M"llGO TO 14 
PRINT 13,"IM 

13 fDRMATClH00 11 TYE INDUT MATRIX HAS FULL RANK".1101 
GO TO 16 

14 PRINT lS,K 
15 FORMATClHO•"THE INPUT 1'4ATRIX YAS A RANK"oT13l 
16 00 22 K:l,MM 

I•CNSCKl.EQ.-llGO TO 22 
90 19 I=loMM 
CC=O.O 
IFCNSCil.EQ.-llGO TO l~ 
DO 17 J=l,MM 
IFCNSCJl.EQ.-llGO TO 17 
CC:CC+A(K,Jl*R(J,Jl 

17 CONTINUE 
CCil=CC 

13 CONTINUE 
00 19 L=l ,MM 
lF<L.EQ.KlGO TO lQ 
CC=ABS<C<U l 
lF<CC.LE.l.OE-3lGO TO lq 
GO TO 20 

19 CONTINUE 
22 CONTINUE 

GO TO 23 
20 PRINT 21 
21 rDR.,.l\TClHO•"W~RNING - - - NOT SIGNIFICANT INVERSE MATRIX"> 
23 RETUR'J 

* 

E~o 
SURROUTINE INVFl)N(P,NloN2oF) 

* 
INVERSE F-DISTRIBUTION 
COMPUTE ADPROXIMATE F FROM PROBABILITY 
COMPUTE F FRO~ Q(FoNl,N2l=P WHERE F - f(NloN2l 
SECTION 26. 5.22. ON PAGE 945 AND SECTION ?6. 6.lA. ON PAGE Q47 

ABRA~~WITZ ANn STEGUN (JQA4l 

CALL I"JVNOR(PoYl 
Rl=l.O/CFLOATCNll-1.0l 
R2=l.O/CFL0AT<N2l-l.Ol 
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H=2.0/1Rl+R2) INFD 012 
T=(Y*Y-3.0116.0 INFD 013 
wl=IY•SQRTIH+T))/H INFD 014 
W2=1Rl-R2l*IT+5.0/6.0-2.0/13.0*H)) INFD 015 
W=2.0*IW1-W2) INFD 01~ 
F=EXP(lil) INFfl 017 
RETUR~ INFD OlA 
E~D INFO 019 
SUBROUTINE INVNOR(P,XP) INNO 001 

C 0 * * INNO 002 
C INVERSE NORMAL DISTRIBUTION INNO 003 
C COMPUTE APPROXIMATE XP FROM PRORABILITY INNO 004 
C COMPUTE XP FROM Q(XP):P WHERE XP - NIO•l> INNO OOS 
C SECTIO~ 26. 2.23. ON PAGE 933 • A8RAMOWITZ ANu STEGUN (1964) INNO 00~ 
C * * * INNO 007 

Q=P INNO OOA 
IF(P.GT.O.S)Q=l.0- 0 TNNO OOQ 
CI=2.515517 INNO 010 
CJ=0.802853 INNO 011 
C~=0.010328 INNO 012 
DI=l.432788 INNO 013 
OJ=0.189269 INNO 014 
D~=0.00130q INNO OlS 
TT=l.0/(Q*Q) INNO 01~ 
TT=ALOGITTI INNO 017 
T=SQRTITT> INNO OlA 
uP:CI+CJ*T+C~*T*T INNO OlQ 
DN=l.O+QI*T+DJ*T*T•D~*T*T*T INNO 020 
XP:T-UP/O~ I NNO 021 
IF(P.GT.0.S)XP=-XP I NNO 02? 
RETURN I NNO 023 
EN D I NNO 024 
SU8ROUTIN~ INVTONco,N,T) I NTfl 001 

C * * * I NTD 002 
C INVERSE T-OISTRI8UTION I NTO 001 
C COMPUTE A0 PROXIMATE T FROM PROBABILITY INTD 004 
C COMPUTE T FROM Q(ToNl:P WHERE T - T!Nl I NTO 005 
C SECTIO~ 26. 7. 5. ~N PAGE 949 , ABRAMOWITZ AN) STEGUN (1964) INTO 00~ 
C * * * INTO 007 

~=FLOAT<N> INTO OOA 
CALL INVNOR(P,X) INTO 009 
Dl=4.0 INTO 010 
)2=96.0*R INTO 011 
D3=384.0*R*R INTO 01? 
04=92160.0*R*R*R INTO 013 
Ul=l.O+X*X INTO 014 
J2=3.0+l6.0*X*X+5.0*(X**4.0) INTO 01~ 
U3=-15.0+l7.0*X*X+l9o0*CX**4.0)+3.0*CX**6.0l TNTQ 01~ 
U4=-945.0-1920.0*X*X+l482.0*(X**4.0)+776.0*(X**6.n)+ 79.0*(X**R.OlINTfl 017 
TT=Ul/Dl+U2/D2+U3/D3+U4/D4 TNTD OlA 
T=X+CTT*X)/R INTO 019 
RETURN INTfl 020 
END INTfl 021 
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